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Abstract. We extend the local non-homogeneous Tb theorem of Nazarov, Treil 
and Volberg to the setting of singular integrals with operator-valued kernel that 
act on vector-valued functions. Here, 'vector-valued' means 'taking values in a 
^q", function lattice with the UMD (unconditional martingale differences) property'. 

■ A similar extension (but for general UMD spaces rather than UMD lattices) of 
| Nazarov-Treil-Volberg's global non-homogeneous Tb theorem was achieved earlier 

O^l ■ by the first author, and it has found applications in the work of Mayboroda and 

(— | | Volberg on square-functions and rectifiability. Our local version requires several 

elaborations of the previous techniques, and raises new questions about the limits 
of the vector- valued theory. 
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1. Introduction 

Background and motivation. This paper is a continuation of [4], where the first 
author extended the 'global' non-homogeneous Tb theorem of Nazarov, Treil and 
Volberg [12] to LP spaces of vector- valued functions. The goal of the paper at hand 
is to obtain a similar extension for the 'local' version of Nazarov, Treil and Volberg's 
result [11]. 



OO 



2010 Mathematics Subject Classification. 42B20 (Primary); 42B25, 46E40, 60G46 (Secondary). 

Key words and phrases. Accretive system, Banach function lattice, Calderon-Zygmund opera- 
tor, non-doubling measure, singular integral, UMD space. 

T.P.H. was supported by the Academy of Finland, grants 1130166, 1133264 and 1218148, 
and by the European Union through the ERC Starting grant 'Analytic-probabilistic methods for 
borderline singular integrals'. A.V.V. was supported by the Academy of Finland, grants 75166001 
and 1134757. 

1 



2 



TUOMAS P. HYTONEN 



ANTTI V. VAHAKANGAS 



By 'local' we understand that the Tb conditions involve a family (an 'accretive 
system') of testing functions 6q, one for each cube Q, where 5q is only required to 
satisfy a non-degeneracy condition on its 'own' Q; this contrasts with the 'global' Tb 
conditions, where a single testing function b should be appropriately non-degenerate 
over all positions and length-scales. While the two types of Tb theorems are not 
strictly comparable, the verification of the local conditions has turned out more 
approachable in a number of applications. 

By 'vector-valued' we understand functions taking values in a possibly infinite- 
dimensional Banach space X . It is well known that the most general class of Banach 
spaces in which extensions of deeper results in harmonic analysis can be hoped 
for consists of the spaces with the UMD property (unconditionality of martingale 
differences); see [1,3]. The quest for vector- valued extensions of theorems in classical 
analysis has three types of motivation: 

First, by revisiting a proof in a more general framework we can often develop new 
insight into the original argument; in particular, the tools available in an abstract 
UMD space often lead us into discovering new martingale structure behind the 
classical scene. In the present case, for example, we are led to study the LP estimates 
for martingale difference expansions adapted to an accretive system of functions, 
where mainly the Hilbert space 1? theory for such expansions existed so far. While 
the LP theory for the 'globally' adapted martingale differences was developed in [4], 
the local setting brings several new complications, most prominently the fact that 
the expansion is no longer with respect to a basis of adapted Haar functions but 
rather with respect to an overdetermined frame. 

Second, new connections between different properties of Banach spaces are re- 
vealed, when looking for the minimal conditions under which we can run a given 
classical analysis argument. In particular, for vector- valued functions, there appears 
a subtle difference between the square function estimates for the adapted martingale 
difference operators and for their adjoints, and we are only able to handle the latter 
case under the additional assumption that our Banach space is a function lattice. 
Whether this assumption could be eliminated from certain key inequalities raises 
interesting questions for further investigation. 

Finally, the extended scope of the theorem allows for wider applications. The 
applications of vector-valued singular integrals in general are widespread; for the 
vector-valued non-homogeneous Tb theorem [4] in particular, we mention the work 
of Mayboroda and Volberg [9] on square functions and rectifiab fifty, see [9, p. 1056]. 

Now, let us turn to a more detailed discussion of the objects of this paper. 



Calderon— Zygmund operators. Let /i be a compactly supported Borel measure 
on M. N which satisfies the upper bound 

(1.1) n(B(x,r)) < r d , de(0,N], 

for any ball B(x,r) of centre x G ~R N and radius r > 0. A d- dimensional Calderon- 
Zygmund kernel is a complex-valued function K(x, y) of variables x, y G M. N , x ^ y, 
such that 

(1-2) \K(x,y)\<— ±— d 

\x — y\ a 

and, if 2\x — x'\ < \x — y\, then 



(1.3) 
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for some a > 0. An operator T acting on some functions is called a Calderon- 
Zygmund operator with kernel K if 

(1.4) Tf(x)= [ K(x,y)f(y)dn(y), x^supp/. 

Jr n 

Testing functions. Following [11] we say that a collection of functions {6q} is an 
L°° -accretive system (supported on cubes) if for every cube Q in WL N there exists a 
function 6q from the system such that 

(1.5) supp&Q C Q, ||&g|U°°(*0 ^ h 

Here the constant 5 G (0, 1) is not allowed to depend on Q. 

We say that {&q} is an L°°-accretive system for a Calderon-Zygmund operator 
T if, for every cube Q in M. N , there is a function &q from the system such that the 
conditions (1.5) hold true and 

(1-6) II^qIU 00 ^) ^ 5 ' 

where I? > is a constant. 

Banach spaces. We want to study the action of T as in (1.4) on the Bochner space 
If(WL , //; X) of functions with values in the Banach space X. As is well-known, even 
for the simplest non-trivial case where T is the Hilbert transform with d = N = 1 
and fi is the Lebesgue measure, a necessary condition for the boundedness on the 
Bochner space is that X be a UMD space [1]. For the more complicated operators 
as described, we will need to assume some further conditions. 

We will make the more restrictive assumption that X is a UMD function lattice, 
i.e., X is a UMD space whose elements are represented by functions on some measure 
space, and the norm of X is compatible with the pointwise comparison of functions in 
that |/| < \g\ pointwise implies that \\f\\x < ||#||x- See [13] for more information on 
function lattices with the UMD property. We will make use of this assumption both 
directly, via Theorem 4.16, and through the following consequence established by 
Hytonen, Mcintosh and Portal [7]: such spaces satisfy the so-called RMF property, 
also introduced in [7], which means the boundedness of the so-called Rademacher 
maximal function from L P (W N , \x\ X) to L P (M. N , fi). A detailed study of this property 
can be found in Kemppainen [8]. The RMF property is used to estimate the so-called 
paraproducts arising in the proof of the Tb theorem; for the same purpose, RMF 
was also assumed in an earlier version of the global non-homogeneous Tb theorem 
[4], but it was subsequently circumvented there. In addition, we make explicit use 
of the lattice structure at one specific point of the proof to obtain a certain auxiliary 
square function estimate. We do not know about the necessity of this assumption, 
so it seems interesting to single out the place where we use it for possible further 
investigation. Note that many of the concrete UMD spaces appearing in harmonic 
analysis, like the LP and Lorentz spaces, are all lattices; others, like Sobolev spaces, 
can still be identified with closed subspaces of such lattices, e.g. for Q C C , we 
have W^(Q) ~ {(f,g) E U>(Q) x D>(Q) N :g = Vf}c D>(n) N+1 ~ ^(Uto^)> 
where the Q^s are disjoint copies of Q; but some other examples of UMD spaces 
like the Schatten ideals C p fall outside this class of spaces. 

We are ready to formulate our main result. 

1.7. Theorem. Suppose that X is a UMD function lattice. Assume that T is a 
Calderon-Zygmund operator, and that there exists two L°° -accretive systems, b 1 = 



b Q d\x 



>SfM(Q). 
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{bq} for T and b 2 = {bq} for T* . Then, under the qualitative a priori assumption 
that T G C(L P (WL N , fi; X)) for some p G (1, oo), we have the quantitative bound 

\\T\\c(LP(R N ,[i;X)) < C, 

where the constant C = (N,d,a,5,B,p,X) > is independent ofT. 

Having stated this, we should admit two things. First, this result remains valid for 
general UMD spaces. Second, it follows relatively easily, even in the just mentioned 
more general form, from a combination of the results of [4], [11] and [12]. Namely, 
Nazarov, Treil and Volberg's local Tb theorem [11] states that under the mentioned 
assumptions we have the scalar valued bound ||7 1 ||£( L 2( R jv At )) < C. Then, the con- 
verse direction of Nazarov, Treil and Volberg's global Tb theorem [12] tells that T 
satisfies the global Tb (or even Tl conditions) ||T , l|| BMO (a Ar , A t) + II^IHbmckr^) — @, 
where BMO(R JV , /x) is an appropriate bounded mean oscillation space adapted to 
the non-homogeneous situation. Finally, the vector- valued global Tb theorem of [ 1] 
completes the argument, as we have just checked that its assumptions are satisfied. 

What, then, is the point of struggling for a weaker statement, when a stronger 
one is available for free? Sure, we can still develop some new insight into the 
proof technique of [11], but there is also a more substantial reason on the level of 
actual results. Namely, the proof of Theorem 1.7 that we give immediately yields 
a further generalization to the case of operator- valued kernels K, i.e., for kernels 
K(x,y) G C{X). Then the associated £(X)-valued operator T in (1.4) is genuinely 
an object of the vector-valued realm, and the above shortcut via the scalar-valued 
theory is no longer available. 

Rademacher-Calderon-Zygmund operators. Let us consider an operator T 
given by the same formula (1.4) as before, but with K(x,y) G C{X). The ker- 
nel bounds above will have to be replaced by certain operator-theoretic analogues 
involving the notion of 7?.-boundedness (see definition in (2.2)), and we refer the 
reader to Section 14 for a precise statement. We then say that K is a <i-dimensional 
Rademacher-Calderon-Zygmund kernel, and that T is an £(X)-valued Rademacher- 
Calderon-Zygmund operator. For further details, we refer to Section 14. 

The testing functions are now as follows. We say that {bq} is an L°°-accretive 
system for an £(X)-valued Rademacher-Calderon-Zygmund operator T if, for every 
cube Q in R , there is a function bq from the system such that the conditions (1.5) 
hold true for b Q = b Q and Tb Q : R N -> Y satisfies ||T6^|| 

L°°(R N ,ti;Y) — B, where 

Y C C(X) is an UMD function lattice which has cotype 2 (see definition in (2.3)), 
and whose unit ball By is an 7^-bounded subset of C(X). In a similar manner, we 
say that {&q} is an L°°-accretive system is for T* if, for every cube Q in M. N , there is 
a function bg from the system such that the conditions (1.5) hold true for bq = bq 
and T*b 2 Q : R N — >■ Z satisfies | \T*b 2 Q \ \ L oo (r n >kZ) < B, where Z C C(X*) is an UMD 
function lattice which has cotype 2 and whose unit ball Bz is an 7^-bounded subset 
of£(X*). 

The following local Tb theorem for operator- valued kernels is obtained by employ- 
ing the entire power of the proof of Theorem 1.7, with minor necessary adjustments. 
Unlike Theorem 1.7, it cannot be obtained by a shortcut from the scalar-valued Tb 
theorem of Nazarov, Treil and Volberg [11]. 

1.8. Theorem. Suppose that X is a UMD function lattice. Assume that T is an 
C(X) -valued Rademacher-Calderon-Zygmund operator, and that there exists two 
L°° -accretive systems, b 1 = {bq} for T and b 2 = {bq} for T* . Then, under the 



THE LOCAL NON-HOMOGENEOUS Tb THEOREM 



■ r ) 



qualitative a priori assumption that T G C(L P (R N , /i; X)) for some p G (1, oo), we 
have the quantitative bound 



where the constant C = C(N,d,a,5, B,p, X,Y, Z) > is independent of T . 

Concerning the interest and potential applicability of such a result over the simpler 
Theorem 1.7, we make the following remarks. First, in applying the global vector- 
valued Tb theorem from [1], Mayboroda and Volberg [9, p. 1056] specifically use the 
operator-kernel version [4, Tb theorem 4]. Second, in the mentioned application, all 
the Banach spaces are function lattices, so that this assumption is not too restrictive 
for such purposes. We also recall, although this is not directly connected to the 
non-homogeneous issues at hand, that the theory of singular integrals with operator- 
kernel has been a necessary strengthening of the vector-valued scalar-kernel theory 
in applications like the maximal regularity question for partial differential equations; 
see in particular the influential paper [15]. 

Organization of the paper. In order to keep the notation somewhat lighter, we 
will concentrate in the main body of the paper on the proof of Theorem 1.7 about 
scalar-valued kernels. Mostly, however, this argument goes through without trouble 
for the operator- kernel version of Theorem 1.8 as well, and we only explain a few 
necessary modifications in the final Section 14. After collecting some preliminaries 
in Section 2, the proof of Theorem 1.7 is presented in Sections 3 through 13: 

Sections 3 and 4 present a detailed analysis, and related inequalities, of functions 
/ G L P (M. N , /i; X) and g G L 9 (R , fi; X*) in terms of appropriate adapted martingale 
difference operators Dq. In Section 5, these expansions of functions then give a 
representation of the operator T in terms of matrix elements Trq, where R and Q 
range over dyadic cubes, and the rest of the proof is concerned with the estimation 
of different parts of this matrix. 

Section 6 presents a general martingale decoupling inequality — our best substi- 
tute for orthogonality estimates in L 2 — , which will be used several times during the 
proof. The parts of the matrix Trq leading to different types of treatment are as fol- 
lows: the separated cubes (handled in Section 7), the deeply nested cubes (Sections 
8 through 10, where the last one deals with the paraproduct part of the operator), 
and the near-by cubes of comparable size (Sections 11 and 12). Finally, Section 13 
collects the different estimates together, and also takes care of the remaining 'bad' 
cubes which were excluded from the previous cases. 

Acknowledgements. This paper benefited from the interaction with a simultane- 
ously on-going (but earlier completed) project of the first author with Henri Mar- 
tikainen; see [(>]. We would like to thank him for this fruitful exchange of ideas. 



Notation. We denote N = {1,2,...} and N = {0,1,...}. All distances in R^ 
are measured in terms of the supremum norm, defined by \x\ = ||x||oo f° r % £ R^- 
Accordingly, we henceforth write B(x,t) for the £°° ball in R^ centered at x with 
radius t > 0. (Note that the main assumption (1.1) is still true, possibly after 
scaling /i by a constant.) We assume that K is a d-dimensional Calderon-Zygmund 
kernel in ~R N , satisfying both (1.2) and (1.3) for some a > 0. In the sequel r > is 
a (large) integer which is to be quantified later. We fix a constant 7, 



T 



C(LP(R N ,fi;X)) 



2. Preparations 



(2.1) 



7 G(0,1), d 7 /(l-7) <«/4, 7< 



a 



2(d + a)' 



(i 
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We denote 



0(3) 



13 +r- 
1-7 



for j = 0,1, 2, 



A cube Q in M. N has sides parallel to the coordinate axes, and its side length is 
denoted by £(Q). If Q, R C M. N are cubes, their long distance D(Q, R) is defined by 
D(Q, R) = £(Q) + dist(Q, R) + £(R). 

7^-boundedness. Let (efc)fcez be a sequence of Rademacher functions, i.e., a se- 
quence of independent random variables attaining values ±1 with an equal prob- 
ability P(ek = —1) = P(£fc = 1) = 1/2. By Q we denote the probability space 
supporting the distribution of (e^kei- The Khintchine-Kahane inequality says that 



k=l 



IA>(S1;X) 



k=l 



L 2 (Q;X) 



for all p G (0, oo). For X = C, this is called just Khintchine's inequality, and the 

1 /2 

right hand side can be written as the quadratic expression ( Y^k=i \£k\ 2 ) ■ Because 
of this, inequalities for the random series involving the Ej, are often referred to 
as 'square-function' estimates even in the vector-valued case, even if no squares 
explicitly appear. 

We recall that an operator family T C C(X 1 ,X 2 ) is called Rademacher-bounded, 
or 7^-bounded, if there is a constant c such that for all n G N, all £i, . . . , £ re G X\ 
and all T\ , . . . , T n G T, 



(2.2) 



k=l 



< C 



L 2 (Q;X 2 ) 



k=l 



L 2 (Q;Xi) 



Denote the smallest admissible c by 1Z(T). 

We will often use the following Stein's inequality (more precisely, its vector- valued 
extension due to Bourgain [2]), which says that an increasing sequence of conditional 
expectations E k is 7?.-bounded on L p (R n , /x; X) if X is a UMD space: 



^ £kE k fk 



fc=i 



< c 



LP(nxR N ;X) 



k=l 



LP(QxR N ;X) 



A different condition arises by requiring the pointwise (in x G R ) 7?.-boudedness 
of the sequence of vectors Ekf(x) G X ~ £(C, X), where the last identification is 
the obvious one: £ G X is identified with the operator A G C 4 A( G X. We denote 

and say that X has the RMF (Rademacher maximal function) property, if Mr : 
U^L N ,n\X) -»■ D , (Si N ,fj l ) boundedly for some (and then all) p G (l,oo). This 
notion was introduced in [7]; see [5, 7, 8] for more information. 

Cotype of a Banach space. A Banach space X is said to have cotype s G [2, oo), 
i.e., there is a constant C > such that for all sequences (xj)™ =1 in X we have 



(2.3) 



3=1 



1/s 

< c 



3=1 



L 2 (Q;X) 

This leads to an improvement of the contraction principle, [4, Proposition 11.4]. 
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2.4. Proposition. Let X be a Banach space of cotype s £ [2, oo) and suppose that 
{pj : j £ N} C L*(f2) /or some a -finite measure space Q and t £ (s, oo). TTien 



J] e J'#& ~ sup lift" H^(n) ■ 



L*(fi;L 2 (Q;X)) J 



L 2 (Q;X) 



Some of the subsequent estimates are based on the fact that every UMD has 
cotype s for some s £ [2, oo). This well-known fact can be seen as follows: First, 
one can explicitly check that the UMD constants of the finite-dimensional spaces 
£°°{n) blow up as n — > oo, and therefore a UMD space cannot contain the copies 
of these spaces uniformly. Second, the property that the spaces £°°{n) are not 
uniformly contained in X is equivalent to some cotype s £ [2, oo) by the celebrated 
Maurey-Pisier theorem. 

Generic dyadic systems. Let T> denote the standard dyadic system, consisting 
of all of the cubes of the form 2 k (m + [0, 1[ N ), where k £ Z and m £ 7* N . We also 
denote 

V k = {Q £ V : £(Q) = 2 k }. 
A generic dyadic system, parametrized by £ ({0, 1} N ) Z , is of the form 

fcez 

where 

V k (f3) = {R + x k ((3) : Re V k }, x k (/3) = J2h 2j - 

j<k 

Given Q £ T>(/3) and n £ No, then the expression Q( n ' denotes the dyadic ancestor 
of Q of the n'th generation, i.e., it is the unique cube such that Q C £ T>(f3) 
and t(Q&>) = 2 n £(Q). 

Random dyadic systems. The generic dyadic systems give rise to random dyadic 
systems by assigning the complete product probability measure on the set 
({0, 1} N ) Z so that the coordinate functions (3j, j £ Z, are independent and Pp\flj = 
7]] = 2~ N if rj £ {0, 1}^. We use two independent random dyadic systems, denoted 
by V = V(f3) and V = V(f3'). 

Let n £ Z. A cube Q £ T> is called n-bad (w.r.t. T>') if there exists R E T>' such 
that 

£{Q) < 2~ {nVr) £{R), dist(Q, dR) < £(Qy£(Rf-^. 

If Q is not n-bad (w.r.t. V) then it is n-good (w.r.t T>'). The set of n-good cubes 
in V is denoted by 

^n-good ^n-good(7,r) • 

The family of n-bad cubes in T> is denoted by I\-bad = XVbadfr.r)- A cube Q £ 
is R-bad, R £ T>j, if Q is (j — i — l)-bad. A cube Q £ T> is R-good if it is not i?-bad. 
The family of i?-good cubes in T> is denoted by T>n- g ood = ^.R-good^r) ■ The family 
of i?-bad cubes in T> is denoted by £>#-bad = ^R-bad^.r)- 

In a symmetric manner we define the n/Q-bad and n/Q-good cubes in V . 

2.5. Remark. Assume that Q £ T> is .R-good, where R £ T>' . Then 

dist(Q,&R) > £(Qy£(RY^ > £{Q) a/2{d+a) £{Rf- al2( - d+a) . 
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for every R 6 D' satisfying £(R) > 2~ 1 £(R) V 2 r £(Q). The second inequality follows 
from the estimate 7 < a/2(d + a) in (2.1). On the other hand, assuming that Q G X> 
is .R-bad, where R G X>', then 

dist(Q,aR) < l{Qyi{Rf^ 

for some ReV for which 2~ 1 £( J R) < £(R) and £(Q) < 2~ r £(R). 

Here is a useful lemma controlling the probability of bad cubes: 

2.6. Lemma. Let n G Z and Q G X> = T>((3) be fixed. Then 

P/3'[Q ^ ^-60^(7,0 ] — 2A^ ^ — ^ . 

Proof. Just follow the proof of [11, Lemma 7.1] with n V r in place of r. □ 

Various estimates are conducted while keeping the parameters /3, 0' G ({0, 1} N } Z , 
and hence also the associated dyadic systems, fixed. During these estimates, we will 
assume that these fixed dyadic systems satisfy the following condition: there are 
(fixed) cubes Q G V(J3) and R G X>(/3') for which 

(2.7) £(Q ) = £(R ) = 2 s and supp fiCQ n R . 

From the probabilistic point-of-view this assumption is justified by the following 
lemma, when applied to the compact set K = supp /x: 

2.8. Lemma. Let K C Mr be a bounded set. Denote by A the set of parameters 
a G ({0, 1} N ) Z for which K is not contained in any cube R G T>(o~). Then P(A) = 0. 

Proof. By using completeness of P, it suffices to show that A is contained in a set of 
probability zero. To this end, we use the fact that K is bounded as follows: there are 
dyadic cubes Qi, . . . , Q 2 n G T>k from the standard dyadic system of sufficiently large 
generation fceZ such that K C \Jj =1 Qj. Thus, if a G A and n G N, n > r, there 
exists an index j G {1,2,..., 2^} and a cube R G Pfc +n (cr) so that dist(Qj, OR) = 0. 
Hence Qj G T> n -ba,d('y,r) with respect to T>(o). We have shown that 

2 JV 

A C P| |J{cr : Qj G P n -bad( 7l r) w.r.t. I>(cr)}. 

Using Lemma 2.6, we see that the probability of the right hand side is zero. □ 

Layers of cubes. Following [11] we will define certain layers of cubes in a given 
dyadic system T>. For this purpose, we fix /3,(3' G ({0, 1} N ) Z , and assume that 
Qo e V = V{0) and R G V = V(P') are cubes such that (2.7) holds true. By 
s G Z we denote a sufficiently large integer for which Q G T> s and Rq ET>' S . 

Let V° = {Qo} be the zeroth layer of cubes. Assume that the layers T>°, . . . , P J_1 
of cubes have been defined. We then define the j 'th layer of cubes T>i as follows. If 
"D- 7-1 = 0, we set T> J ' = 0. Otherwise we consider a cube R G X* 7 ' -1 . We say Q G X 5 
is R-maximal, if it is the maximal cube in X> satisfying the conditions Q <Z R and 



6^ dfi 



<5 2 KQ)- 



Then we denote T>i = Ur£vj- 1 {Q G X> : Q is i?-maximal}. By analogy, we define 
the layers ("D')- 7 for j > 0. 

Assuming that T> 3 Q C Qo ; we denote by Q a the smallest cube in U ^oX 5 - 7 that 
contains Q- Such a cube exists because Q C Qo G Uj>oXW, and it is also unique due 
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to properties of dyadic cubes; hence Q a is well defined. If Q (f_ Qo then we denote 
Q a — Qo for the sake of convenience. Note that, in any case, we have 



[2.9) 



>S 2 KQ). 



In an analogous manner, we define R a for cubes R G T>' . 
For a fixed j G N, we have the estimate 

(2.10) J |J Rj < (1 - r)fi(Q) for Q G V^ 1 . 

A proof is in [11, pp. 269-270]. Here r G (0, 1) is a constant, depending only on 5b- 
This estimate generalizes by simple iteration as follows: 

2.11. Lemma. Let Q G V and Q a G V M for M G N . Then, for j > 1, we have the 
estimate 

J u s\= e ^)<(i-rrvw). 

^ Sev M +j<scQ ' seT> M +j-.s<zQ 

2.12. Remark. Lemma 2.11 yields that /i-a.e. point x G Qo belongs to at most finitely 
many cubes in the family Uj e N X> J ' . To prove this, let us denote / = YljLo Y^iQevi XQ- 
The cubes in T>i for j G N are disjoint, and they are all included in Qo = Qo £ T^°- 
Using Lemma 2.11 with Q = Qo and M = 0, we get 

OO / OO \ 

(2.i3) ii/iuhqo) < E E mo ^ KGo) ( i + E( x - T ) j ) < °°- 

i=n n^-n-i j=Q 



i=o Qexw 



The claim follows. 

Carleson embeddings. Let X> be a generic dyadic system and let df. G L 1 (R JV , 
G Z, be a sequence of functions, and denote 

Ili^fcjfcezllcar^-D) = SUp itfn ^ 1/v 1q E 



fc:2 fc <£(Q) 



If dfc = -Efcrffc for all k G Z, then the Carleson norms are equivalent for all p G [1, oo). 
For a proof, see Proposition 3.1 in [4]. We recall two Carleson embedding theorems; 
The following result is Theorem 3.4 in [4]. 

2.14. Theorem. Let X be a UMD space andl < p < oo. Let{d k } keZ C L 1 (R iV , fj,; R) 
be a sequence be such that d k = E k d k for every k G Z. T/ien 

Y^EkdkEkf < ||{rffe}feez||car 1 (D)ll/ll-LJ'(]R^, M ;X) 

fcgZ LP (1^ xfi,/jgP;X) 

/or ewen/ / G V (R N , fj,; X) . 

The following embedding result for RMF spaces is essentially Theorem 8.2 in [7], 
where it is stated for the Lebesgue measure; see also [5] for a general measure \x and 
an interesting converse statement. 

2.15. Theorem. Let X be an RMF space, 1 < p < oo, and 77 > 0. Assuming that 
{dk}k£Z is a sequence in L 1 (R Ar , /i; R), then 



E £ kdkEkf 



fcez 



< 



LP(R N xfl,fi®P;X) 



1 1 { d k } fceZ I j CarP+" (X>) 1 1 / 1 1 LP (R N ,p,X) 



for every f G L p (R N , fi; X) . 
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3. Adapted martingale decompositions 

Throughout this section we assume that X is a Banach space and that b = b 1 is an 
L°°-accretive system. The assumption that b = b 1 is only for notational convenience, 
and all of the results throughout this section remain valid if we replace b l with b 2 
and the random dyadic system T> with V . 

Adapted conditional expectations. Let V = Ufcez-^fc ^ e a S eneT ^ c system of 
dyadic cubes in M. N and / G Ll oc (R N ; X) . In what follows we will define various 
operators acting on this function. First of all, the conditional expectation for fceZ 
is defined by 

E k f := V 1q(/)q, (/)<2 := ^7n / f d V- 
Qev k ^) Jq 

If = for a cube Q, we agree that (/)q = 0. If Q G T>k is a cube, then 

the local version of this conditional expectation is defined by EqJ := lgEkf. The 
corresponding martingale difference is defined by Dkf '■= Ek-if — Ekf and its local 
version is DqJ : = lgDfc/. For the L°°-accretive system b = {bq} and k G Z, we 
define 

bl := E 

The 6-adapted conditional expectation and its local version, for k G Z and Q eDj, 
are defined by 

The corresponding 6-adapted martingale difference and its local version are 

D a J := E a k _J - E a J, D a Q f := l Q D a k f, 

where fcGZ and Q G T>k- 

We agree on the following slightly abusive notation: 



rpa f ia *j/ 771a i- 1 771a ^ 



{bU = b a k } := |J Q, 



,g 1 n Q a = (Q( 1 >) a 



Xk-i ■-- 



{bU ^ bl} := R N \ {bU = b a k }= |J Q, 



Q=QVQo 



where k G Z. 



A representation for Dq. Here we compute a useful representation for the adapted 
martingale differences of / G /^(IR^; X). For this purpose, we let Q G T>^ and de- 

note by Qi, . . . , £^2^ £ T^k-i the subcubes of Q (in some order) so that U i=1 Qi = Q- 
Then 

D a Q f = l Q {EUf - Elf) = Y,b Qt ^^l Qi - b Qa ^-l Q . 
Writing (f) Q = E?=i/^( < 5i)(/)Q I > we § et 

2 N 
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This computations motivates the following definition: If [i(Qi) 7^ 0, we define 
(io\ ,„« — b Q? 1 Mgj) b Q a 1 



Otherwise we define tpQj = 0. 

The following lemma draws conclusions from above, and provides further proper- 
ties for the resulting decomposition. The proof is straightforward. 

6.6. Lemma. Let f G Ll oc (R N ;X) and Q G V k . Let Q x , . . .,Q 2 n G V k _ x denote 
the subcubes of Q in some order. Then we can write 



D a Q f = £</>< 



i=i 



Furthermore, if i G {1,2, ... , 2^}, then 

a ) hQ,i\\L°°(n) < 1; 

b) H^Q.ilUw < KQi); 

c) supp(^_ i ) C Q; 

d ) Sm" ( PQ,i d f J ' = °- 

Within these estimates, the implicit constant depends on 5 in (1.5). 

A representation for (D k )*. We compute the adjoint of the 6-adapted martingale 
difference operator D k for k G Z. For this purpose we fix / G L P (W N ;X) and 
g G L q (R N ;X*), where l/p+ 1/q = 1. Recall that 

(3-4) D a k f = EUf - Elf = bU Ek ~ lf - b a k ^f a . 

Ek-\O k _ x E k b k 

The self-adjointness of the expectation operator E k yields 



As a consequence, we find that 

U a f \ E k (Kf) 



A k f := (E a k Yf = E k [b 



k ' 



E k b a k J E k b% 
Substituting this identity to (3.4), we get the representation 

fo K \ (r>a\*t 4« f Aaf -^fc-l (frfc-l/) E k {b^f) 

(3.5) {D k ) f = A k _J - AJ = — — — — 

^k-lO k _ x &kO k 

A representation for (D k ) 2 . Assuming that k, I G Z, 

6? 



EiEff = -^E k 6? 

£ fc 6£ \ l E t b?J \E a k f, ill <k. 

Here we used twice the identity = E k E\ if / < k. As a consequence, we have the 
identity 

(D a k ) 2 = {EU - E a k f = {EUf - EUE a k - EtEU + (^) 2 

/ rna \2 rpa rpa rpa , rpa rpa r\a 

(,%-lJ - E k ^ 1 E k -E k + E k - E k ^U k . 

=0 
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Using the notation (3.1), we write D%f for a function / G Ljj C (R ,X) as follows: 

I 1 ( h a E k~lf m E kf \ 

Using this and the basic properties of the operator E k _i, we get 

bk-l i ( v -La E k-lf „ i.a E kf 



Ek-ibt_± 

Ek-if E k f 



= £>»/ + w-J5 fc /, 
where we have denoted 



E k -iK E k b% 

1 ( h a Ek-lf ha E k f \ 

b a k bU Ek-rbt 



E k bl E k _ x bl_ x E k b% 



b% bU Ek-jbt 

v n-^K}y Ekh a Ek _ x bi_ x E k b% 



The following lemma draws conclusions from the computations above. 
3.6. Lemma. Let k G Z. Then 

(3.7) {D a k ff = D a k f + oj a k E k f, iffe Ll oc (R N ; X). 

Furthermore, the functions u k have the following properties a)-c): 

a) u a k (x) = o i fxem N \{b^ 1 ^bt} ! 

b) ^ 1, 

c) Ek-iu a k = 0. 

The implicit constant in b) depends on 5 defined in (1.5). 

Proof. The identity (3.7) is established above. The property a) is clear; b) follows 
from (1.5) and (2.9). For c) we notice that 

( Ek-^% E^VUEk- } K\_ 
E k ^ k - - e ^ E ^ j _ 0. 

□ 

We also define the following two local versions of u k . Let Q & T> k and denote by 
Qx, . . . , Q 2 n G T> k _i the subcubes of Q. Then we define 

(3-8) u a Q := l Q ul u a Q>i := l Qi u a Q . 

The following lemma collects the basic properties of these local versions. 
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3.9. Lemma. If Q £ V and f £ Ll oc (R N ; X), then 
(3-10) (D a Q ) 2 f = D a Q f + io a Q E Q f. 

Also, 

(3.11) K|U V) <KQ) and \\cu a Q;i \\ LHlM) < //(Q,) for i = 1,2,..., 2* 

Proof. Assume that Q £ T> k . Then, by using (3.7), we get 

(Dq) 2 f = l Q D a k (l Q DU) = l Q {Dt)\l Q f) = D a Q f + cu a Q E Q f. 
The estimate (3.11) follows from Lemma 3.6. □ 

A decomposition of functions. Recall that b is an L°°-accretive system. In the 
sequel we assume that b = b l and consider the cube Qq £ T> s that is defined in (2.7). 
It is a large cube such that the support of fi is contained in it. 
We will show that 

f ~ bQ °aTY~ = £ D " f 

where the convergence takes place both pointwise //-almost everywhere and also in 
L P (M. N , fi; A)-norm. We begin with the following lemma. 

3.12. Lemma. For fi almost every point x in Q , we have 

VL^x) := lim b a k (x)= lim E k b a k {x). 

k— oo k— oo 

Furthermore, the limit satisfies the estimate \bt 00 (x)\ > 5 2 , where 5 > is defined 
in connection with (1.5). 

Proof. By Remark 2.12 we may restrict ourselves to those points x £ Qo that belong 
to at most finitely many cubes in the family Uj^V^ . Because the family Uj^V^ 
is countable, we can also assume that fJ*(Q x ,k) 7^ for every k £ Z where (Qk,x)kez 
is the unique sequence of cubes such that x £ Q k ,x £ T^k for every k £ Z. Finally, 
we can also assume that 

(3-13) lim (b Q ) QkiX = b Q (x), if Q £ (J 2 * 



-oc 



Indeed, by martingale convergence, the identity (3.13) holds true for almost every 
x £ Qo if Q is fixed, and the family Uj £ ^T>^ is countable. 

Fix a point x as described above and consider the sequence (Qk,x)kez- Note that 
x £ Qk,x C Q% x for every k < s. In particular, there is an index k(x) < s such that 
Qt x = Qt{x) x ^ k — k(x). As a consequence, for k < k(x), we can write 

K( x ) = Yl M^OM^) = h Ql,S x ) = b Q a k(xU ( x )- 
Qev k 

It follows that linifc^.oo b k (x) = 6qo ( ^ . On the other hand, if k < k(x), we use the 
assumption (3.13) for 

E kb a k (x) = {b a k ) Qkx = (b Q aJ Qkx = (b Q * {x)x ) Qkx 

(3-14) fc^-oo , / \ v iar \ 

>b Qi M S x ) = , hm h ^ x )- 

K\X),X k _^_ 00 

This is as required. Finally, since fi(Q kiX ) 7^ for every k, we can use (2.9) to 
conclude that Ibt^ix)] = lim k ^ oc \(b Q aJ Qkx \ >5 2 . □ 
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With the aid of this lemma, we can establish useful convergence results. For this 
purpose, we fix / G Ll oc (M N ;X). By martingale convergence, lim^-oo Ekf(x) = 
f(x) for /z-a.e. x G M N and, as a consequence of Lemma 3.12, we have 

(3.i5) E a k f{x) = m 

for G M . Recall that £(Qo) = 2 s and supp// C Q$. Hence, for points x in 

Qo — Qo; we have 

Km = = w*)^ = t*(x) (/> "" 



Using also (3.15) yields the decomposition 



(3.16) 



£l E (^-i/ - = E ^/ 



that is valid //-almost everywhere in Mr. In the last step we used the identity 
Eff = Egf if % > s for s defined in (2.7); hence, -D"/ = //-almost everywhere if 
j > s. 

Let us then consider the convergence in the L p -norm with 1 < p < oo. In order 
to do this, we fix / G L P (M N , /t; X). Let j < s. Using (2.9), we see that \EjV$\ > S 2 
almost everywhere and, by (1.5), we have ||&"||z»°°(/i) < 1- Hence the following norm- 
estimates are valid pointwise //-almost everywhere 



\E"f\\ 



A 



3 EM 



< < 5~ 2 Mf G D>(M",fi;M), 

x 



where M is Doob's maximal operator. Hence, by the dominated convergence theo- 
rem, we see that the decomposition (3.16) converges in L P (M N , /i; X). 

4. Norm estimates for adapted martingales 

We prove various 'square-function' estimates for the adapted martingale differ- 
ences and their adjoints, see Theorems 4.1, 4.16 and 4.34. The first result is true for 
general UMD spaces, whereas the UMD function lattice property is needed for the 
last two theorems. This dichotomy between the square-function estimates for the 
and their adjoints, (D?)*, seems somewhat unexpected: In the original scalar- 
valued argument of Nazarov, Treil and Volberg [11, Section 3], only the estimate for 
Dj is proven explicitly, while the dual case is just stated, suggesting that it should 
follow in a similar way. To some extent it does, but this similarity seems to break 
down in the vector- valued realm, and we will give a careful consideration of both 
estimates in this section. We begin with: 

4.1. Theorem. Let X be a UMD space and 1 < p < oo. Then 



(4.2) 



E ^ D V 



j-- 



LP(R N xn,/i®P,X) 



rl \LP(R N ,/j,;X) 



for every f G L p (R N ,fi; X). 



In what follows we prove Theorem 4.1. For this purpose we first prove various 
lemmata; the following is a consequence of Theorem 2.14. 
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4.3. Lemma. Let X be a UMD space and 1 < p < oo. Then 
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(4.4) 



< 



LP(R N xQ,tJ,<2)P;X) 



\LP(R N ,fx;X) 



If TON 



for every f G L P (R N , p; X). 

Proof. If j G Z, then Xj-i ■= 1{6?_ 1 ^6?} = £^-_il{6»_ 1 ^6«} belongs to L 
Therefore we can invoke the Carleson embedding theorem 2.14. Hence we can bound 
the left hand side of (4.4) by a constant multiple of HfXjliezllcarVxO \\f\\p- The first 
factor is estimated as follows: 

llteWllcar 1 ^) < sup — — E \\ l QXj\W- 

Fix Q G V with p(Q) ^ 0. Fix r G N such that Q a G V r . Using the definition (3.1) 
and Lemma 2.11, we obtain 

oo 

E I|1qx,IIi<MQ) + E E MS) 

j:2i<e(Q) k=l S£V r + k :SCQ 



< 



p(Q) + J2(l-r) k ~ 1 p(Q)<p(Q). 



k=l 



Taking the supremum over Q G T> as above, we have || {Xi}iez|lcar 1 (i3) ^ !• 

Another useful estimate is the following. 
4.5. Lemma. Lei X be a UMD space and 1 < p < oo. T/ien 



□ 



3=-oo 



< 



LP(R N xn,fi»P;X) 



Lp{R n ,im;X) 



for every f G L P {R N , p; X). 
Proof. Using (2.9) and that 

(4.7) l {b a_ i=b *~ } E j - 1 b ( -_ 1 = l {6 a_ i=6 a}£^_i6", 

we see that the following identities hold pointwise /i-almost everywhere in = 
E j-if E jf _ E j-if Ejf 



Ej-ibU l\Mj E, J/' !■:,(/■ 

w 1 1 



Efi 

-D 3 b a 3 1 



{E^f - Ejf) 



Ej-ib^b* 

Hence, the left hand side of (4.6) is dominated by 



00 Db a 

J=— oo J J J J 



LP 



E 3 b« 



7=— oo 3 



LP 



Observe that by (2.9) we have \Ejb°j\ > 5 2 for /i-almost every point. Therefore the 
contraction principle gives the following estimate for the second term in (4.8): 

oo ^ oo 



J=-0O 
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The UMD-property of X allows us to dominate the right hand side by a constant 
multiple of ||/|| p . 

For the first term in (4.8) we use the Carleson embedding theorem. Using (4.7) 
and (2.9) we see that l{6 £ f_ 1 =6 £ f} l-Ey— an d \Ejb a -\ are bounded from below by S 2 in 
//-almost every point. Thus, the contraction principle gives the estimate 



(4.9) 



Ec 1 3 j 



j=-oo 



- — 



< 



LP 



E jD^'u :/ 



j=-oo 



LP 



If j G Z, then dj_ x := G L\R N ,^R) and DjV} = E^D^. Therefore the 
Carleson embedding Theorem 2.14 applies, and it gives the estimate 



3=-oo 



£ \\f\\LP SUp — — 
L p Q&V fJ>{Q) 



1q tkdk 

k:2 k <£(Q) 



In order to estimate the right hand side, we fix a cube Q G T> for which fi(Q) ^ 0. 
We have 



k:2 k <£(Q) 



< 



1q E 

fc:2 fc <£(Q) 



C//(Q). 



L 1 



The first term on the right hand side is 

i Q e e *-i E 

k:2 k <e(Q) ReT> k :RcQ 

E £ fc-i E D R b R a 

k:2 k <i{Q) ReV k :RcQ 

Assume that Q a G D", where it G N. We write Eg in terms of the layers of cubes 
as follows 



E] e RD R b R a 

ReT>:RcQ 



E +E E E 

RcQ:R a =Q a j=l S£Q:SeV»+i RcS:R a =S 

The triangle inequality gives 



£RD R b Ra 



L 1 



So < 



(4.10) 



1q E £ RE>RbQa 

RcQ:R a =Q a 



Q,2- 



+ E E ^ E 

j = l SOQ:SeV u +i RCS:R a = S 

Observe that D R bQa = D R {lqbQa) if R c Q. Hence, by applying Holder's inequality 
and (1.5), 



Eq,i < ||1q||l2 



E e R D R (l Q b Q a) 

RcQ:R a =Q a 



< 



fi(Q) 1/2 \\i Q b Q 4^<KQ). 



L- 



The second term Eq 2 is first estimated in a similar manner. Then we use Lemma 
2.11 as follows: 

oo oo 

(4.11) £q, 2 <e E M^M^Ea-T)*- 1 <**(<?). 

i=l 5CQ:SGf u +J i=l 

We have shown that Eq < Eq^ + Eq^ < ^{Q)- Collecting the estimates above, we 
see that the left hand side of (4.9) is bounded by a constant multiple of ||/||lp. □ 
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We are now ready for the proof of Theorem 4.1. 
Proof of Theorem 4-1- We decompose Djf as follows: 

D)f = E«_J - Eff = &°_ x ^ j ~} f - b a 1 
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(4.12) 



3" 3 



I La E i~lf i.a E jf 



First, using the contraction principle followed by Lemma 4.5 yields 



(4.13) 



3=-oo 



— — rv^ LP A — — />n 



0=-oo 



< 



LP- 



LP 



In order to estimate the remaining quantity, we fix j £ Z and use the identity 
/-' ./• = i/ - D;/ for 



b j-i b j 

a ~P~Ua }Ej-lf 



This representation leads to the estimate 



6? 



Efi 



Y e J 1 {6?_i^} /J 0') 



j=-oo 



(4.14) 



< 



5^ 

j=-oo 



+ 



LP 










Ejb] 


b j 

{b a ,^b a \ ,-, ,„ 


D 3 f 



LP 



j=-oo 



LP 



The last term above is estimated by using first (1.5) and (2.9) with the contraction 
principle, and then followed by the UMD-property of X. This results in the required 
upper bound c||/||i> for the term in question. 

Applying the contraction principle to the first term in the right hand side of (4.14) 
yields the estimate 



oo 

Y £ 3 1 {^-i- 
j=-co 



h a 



< 



j \ E- ih a Eh a 

Y £ 3 1 {b^ 1 ^b-}E j -if 



a E^f 



LP 



j=-oo 



Using Lemma 4.3, we see that the last term can be dominated by c||/||z,p. 
By collecting the estimates beginning from (4.14), we get 



(4.15) 



X, £ A{b U ^} {^E-^ ~ bj EM 

J = — CO J J 1 J 



< 



LP- 



LP 



The required estimate (4.2) follows now by combining the identity (4.12) with the 
estimates (4.13) and (4.15). □ 
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Estimate for the adjoints (D%)*. Here we prove a norm estimate under the 
UMD function lattice assumption. The need for this assumption was somewhat 
unexpected to us, but with our present techniques, we were unable to avoid it. 
Proving (or disproving) the dual square-function estimate in the absence of the 
lattice assumption would be an interesting question for a deeper understanding of 
the vector- valued theory. 

4.16. Theorem. Let X be a UMD function lattice and 1 < p < oo. Then 



(4.17) 



for every f G L p (R N ,fi;X). 



< 



Lp( 



r xQ,/i(g>P,X) 



In order to prove Theorem 4.16, we first prove the following Carleson embedding 
for UMD function lattices. 

4.18. Proposition. Let X be a UMD function lattice and 1 < p < oo. Let 

{d k G L l (R N , li; R)} k£ z, {c k G L°°(R N , fi;R)} keZ , 
be such that d k = E k d k and ||cfc||_£,°o < 1 for every k G Z. Then 



(4.19) 



E 



£kd k E k (c k f) 



< 



LP{R N xfi,/Lt®P,X) 



\\{d k } k el\\c a ,T 1 (V)\\f\\LP(R N ,ii;X) 



for every f G If (R N , n\ X) . 

Proof. Since X is a lattice of functions, for £ G X, we can consider its pointwise 
absolute value |£| G X, which satisfies \\£\\x = || |£| ||x- Moreover, we have the 
following inequalities, which can be seen by the argument on [13, p. 212]: 



Jn fcez 



dP(e) 



x 



1/2 



X 



dP(e). 



x 



Since E k d k = d k , we have E k \d k \ = \d k \. Hence, by the Carleson embedding Theorem 
2.14, we can estimate the left hand side of (4.19) as follows 



LHS(4:.19) 



< 



fcez 

£(I*IWD S 



fcez 



1/2 



1/2 



LP 



^2e k \d k \E k \f\ 



Lp(R n ,n,X) 

< \\{d k } k 



LP< 



keZ\\Ca,r 1 (V)\ 



I l/l I 



The required estimate now follows because |||/|| 



IP* 



□ 



We also need the following notation and representation formulae. 

If k G Z, we write Qk{x) for the unique cube in T) k containing the point x G R N . 

For n G N and x G R , we denote by Q n (x) G P n the cube in the nth layer 
that contains the point x (if such a cube exists), see Section 2. We also denote 
a n (x) = log 2 (£(Q n (x)) if x G Q n (^) G D" and cr n (x) = — oo if there is no cube in 
T> n which contains the point x. 

If x G Uq(zx>"Q, we denote b n (x) = bQnr x \(x). Note that, for k < s (recall that 
Qo G V s ) and x G Qo, 

(4.20) a n+ i(x) < k < a n (x) <=^> (Q k (x)) a = Q n (x) G V n . 
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In particular, if (4.20) is valid, then b%(x) = b(Q k ( x ))a{x) = b n (x). 
We also denote 

E« n = Yl E Q' ne{0,l,...}. 

Qev n 

4.21. Lemma. LetxEM N and p E (l,oo). Then 



dP(e) 



< 



71=0 



dP(e) + \E QQ (b Qo f)(x)\* 



for every f G LP (R N , fi; X) . 

Proof. Denote A k = V k n (U£° =1 X? n ). Let e G ft and x G R N . By (3.1), 



(4.22) 



X) e * 1 {62_i#*S}( a; )- E; *-i( 6 fc-i-/ ; )( a; ) = Z] £kE Q (b Q af)(x) 

oo 

= 5^£<x„( a 0+i E Q( b Q a f)( x )- 

n=l QeV n 



If x eQ eV n , then Q = Q a = Q n (x). Hence, lgbqaf = l Q b n f, and applying the 
last identity to the right hand side of (4.22), we get 

oo oo 

LHS(4.22) = $> M . )+ i £ E Q (b n f)(x) = E^»(,)+iK n (6 n /)(^)- 



n=l 



n=l 



The required identity follows by taking p-absolute values, integrating, and relabeling 
the random variables e 



a n (x)+l- 



□ 



4.23. Lemma. Let x E R N and p G (l,oo). Then 

r. OO p r 

/ 5> n £ CTn+1 dP(e)=/ Y. £ ^ k ^ k }{x)E k _ 1 {blf){ 



feez 



/or even/ / G L?{®L N ,\i\X). 



Proof. Let be as in the previous proof. Let x G M N and e G ft. Then, if 
x E Q E V n with n > 1, we have x G (Q < - 1 ' ) ) a G D"" 1 , and therefore 

& n "V) = 6Qn-i {a;) (x) = b {QW)a (x). 

Using this identity, we get 



J2 £ ^{b k ^b k }(x)E k _ 1 (b a J)(x) = J2 £ k E Q (b (Q( i ))a f)( 
kez kez QeA k _ 1 



$> M , )+ i £ E Q (b^ l f)(x) = J2^( x ) + iE, n+1 (b n f)(x). 



n=l 



n=0 



The required estimate follows by taking p-absolute values, integrating, and relabel- 
ing the random variables a n+ \{x) + 1. □ 



We are ready for the proof of Theorem 4.16. 
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Proof of Theorem 4-16. By (3.5), we get 

E^bt-J) E k (b%f) 



(D a k )*f 



(4.24) 



E k b a k - E fc „i6^_ 1 



E k -M-J) 



Ek-M-J) - E k {btf) 



Ekb a k E k -\b a k _ x E k b a k 

Denote d k = E k b\ — £'/ c „i^_ 1 for k G Z. Then \d k \ < 2 and E k _\d k = d k . By 
(2.9), we have \E k blE k _ib k [_ 1 \ > 5 4 for /i-almost every point in Mr. Hence, by the 
contraction principle and Proposition 4.18, we obtain 

(4.25) 



E 



e k TTTTTt^ Tn E k _ x [b k _ x f) 



fcez 



E k blE k . x bl_ x 



< 



1<3 £kd k 

2 k <£(Q) 



\\{d k } ke z\ Car^HJ \\LP(R N ,ii;X)- 

xO,^t®P,X) 

Let us prove that Ulrffcjfcezllcar^D) ^ 1- Let Q G X> be such that 7^ 0. Then 

l{bg_ 1= bg}4 = -l{ 6 «_ 1= 6»}-Dfe^, and therefore 

(4.26) 

< 1q ^ £ k^{bi_ 1 ^bi}d k + ^ epDpbpa 

Ll(H^xn,/i(g)P;]R) 2 fe <£(Q) 1 PcQ 

The first term on the right hand side of (4.26) is first estimated by using con- 
traction principle. Then proceeding as in the proof of Lemma 4.3, gives the upper 
bound cfi(Q) for that term. 

The second term on the right hand side of (4.26) is estimated as in (4.10), 
with the same upper bound cfi(Q). Combining the estimates above, we find that 

\\{dk}kez\\ca,T 1 (V) < 1- 

In order to estimate the second term on the right hand side of (4.26), we denote 

spDpb pa 

PCQ 

Then estimating Eg as in (4.10), we find that Eg < /i(Q). Combining the estimates 
above, we find that \\{d k } keId \\ Car i {v) < 1. 
It remains to prove that 

E k ^(bl_J) - E k (b%f) 



(4.27) 



E 

fcez 



£k- 



Ekbt 



< 



LP< 



LP< 



By (2.9), we have \E k b k \ > S 2 for /i-almost every point in R . Using the contraction 
principle we eliminate the terms 1/E k b k from the left hand side of (4.27). Then we 
consider the following decomposition, where k G Z, 

Ek^ibUf) ~ Ekibtf) = E k ^{ X k-i(bU - b a k )f) + {E k -, - EkWJ) 

= Xk-iE k - 1 ((bU-b a k )f)+D k (b a J), 

where we have denoted Xk-i = l{6 a ^b a }- 

Using Proposition 4.18, we obtain the following norm-estimate involving the first 
term on the right hand side of (4.28) 

5>*x*-iiM(&S-i - &£)/) 

(4.29) fegZ LP(R N xn,[t®p,x) 

On the other hand, the proof of Lemma 4.3 shows that IllXfclfcezllcar 1 ^) ~ 1- 
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In order to complete the proof of (4.27), we still need to prove the following 
estimate involving the second term on the right hand side of (4.28), 



(4.30) 



< 



LP (R N xQ,ti®P,X) 



LP(R N ,/x;X)- 



For this purpose, we introduce independent Rademacher variables e G (Q, P). For 
x G Qo and k < s, we denote £%(x) = e n if n is such that a n+ i(x) < k < a n {x). By 
the fact that ^(R^ \ Q ) = and (4.20), we find that the functions for k < s, 
are defined [i- almost everywhere and they are Dfc-measurable. 
Then, for every x G Qo and s G f2, we have 



J2^kD k (b a k f)(x) 



k<s 



dP(e) 



x 



J2^kD k (etbtf)(x) 



k<s 



dP(e). 



x 



Recall that D k b\ = /i-almost everywhere if k > s and /u(R \ Qo) = 0. Hence, by 
integrating, and using the UMD-property of X and measurability of e%, we obtain 



LHS(4.30) 



< 



J2e k D k (elb a k f) 

k<s 



k<s 



LP(K w xf2,^®P,X) 







LP (I 


N ,n;X) 



k<s 



LP(R N ,/i;X) 



Reindexing the last sum gives 



LHS(4.30) 



< 



n=0 k<s 
oo 



LP(R N ,fi;X) 



^2 £n ^Z l<rn+i<k<a n D k (b n f) 
n=0 k<s LP(Rl*^X) 

In the last inequality we used the fact that the indicators x i— > l Un+1 (x)<k<a n (x) are 
Immeasurable by (4.20). Taking the expectation over £6 SI, we find that 



< 



^2 £n E l<rn+l<k<a n D k (b n f) 



LP(R N x{0,l}^o,fi®P,X) 



(4.31) LHS{4.30) 

n=0 k<s 

By (4.20) and martingale convergence, 

y~] ig n+1 <k<a n D k — ^2 d q = ^2 dq— ^2 d q 

k<s Q-.Q a eV" Q.Q a eu m > n v m Q-.Q a eu m>n v m 

= (lux>n — E an ) — (ly-pn+l — E Un + 1 ) = E an+1 — E Un + l u x)n\ul?«+ 1 - 

Apply this operator identity to b n f G L P (W N , fi; X) and substitute the resulting 
function to the right hand side of (4.31). Using the triangle inequality results in 
three terms; one of them can be estimated (using that \SD n D UP n+1 and ||6 n ||oo ^ 1 
if n G {0, 1, . . .}) as follows 



UD"\U£ ,n + 1 ' 



n=0 



/ 



< 



Lp(R n x {0,1} N ,»®P,X) 



\Lp(R n ,ij.;X)- 



— — 

<1 



The two remaining terms can be first estimated by using lemmata 4.21 and 4.23, 
and then invoking Proposition 4.18. This leads to the upper bound 



^{b%_ 1 ^b a k }}kez\\car 1 



I'D) 



LP(R N ,fi 



■x) + c \\EQ (b Qo f)\\ LP ^N :ll . x 



< 



LP 
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for these two terms. 

Combining the estimates above yields LHS (4.30) < 



Lp(R n ,n\X)- 



□ 



A norm equivalence for UMD function lattices. We conclude this section by 
establishing a certain square-function norm equivalence in L P (M. , /i; X), which fol- 
lows from the square-function estimates for the operators D" and (£)")* studied 
earlier. This norm equivalence will not be exploited in the proof of the main Theo- 
rem 1.7, but it is recorded here for the sake of curiosity. 
We begin with the following lemma. 

4.32. Lemma. Assume that X (and then also X*) is a UMD function lattice and 
let p G (l,oo). Suppose that {X k G L 1 (M JV , /x; ~R)} k£ z is such that X k = E k X k for 
every keZ. Let f G L P (R N , /x; X). Then 



E XkD *f 



< 



Lp(R n ,ij.;X) 



E £ * A *^/ 



fcez 



LP(M. N xn,fj,<S>P,X) 
£kXkXk-lEkf 



feez 



Lp(U n xQ,h®P,X) 



where we have denoted Xk- 



Proof. Let q G (1, oo) be such that l/p+l/q = 1. Using the identities A^D^ = D k X k 
and (Dl) 2 f = D a k f + w£E*/ from (3.7), we get 



(4.33) 



sup 

ll9ll£9(R-'V, M ;X*)- :1 - 



LP(R w ,/Lt;X) 



fcez 



sup 

yi«<i 



< sup 

II<?II?<1 



(^E A ^™ 2 -^]/) 

fcez 

E((^)*^a^/) + e^w^/) 



fcez 



The first term inside the last supremum is estimated by using Theorem 4.16 and 
the assumption \\g\\ L i(RN ^. x *) < 1, 

j2mrg,XkD a j) = f (E^ra*^E^ A ^) rfp ( £ 



< 



E^T<? ^e k X k D a k f < ^2e k \ k D a k f 



Then we estimate the second term inside last supremum in (4.33). By Lemma 3.6, 
the fact that X k Xk-i is a(T> k -i) measurable, and identity E k _\E k = E k , we get 

^ n \ fez fcez ' 

E £ /X/-i-E*-i(w?0) E £ kXkXk-iE k f 

E] £ kX k Xk~lE k f 



< 



i fcez 



< 



fcez 
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where the last step is justified by using Proposition 4.18 and the estimate ||w"||oo + 
II toltezllcar 1 ^) < 1; see tne proof of Lemma 4.3. □ 

As a consequence we obtain the following norm-equivalence. 

4.34. Theorem. Assume thatX* is a UMD function lattice and let f G L P (R N , fi; X), 
p G (1, oo). Then 



\LP(R N ,tJ,;X) ^ 



\ E Q f\\feLP(R N ,w; 



X) 



+ 



U)Qq 



Lp(R n xSl,n®P,X) 

where Xfc _i = l^^} and E a Q J = b Qol?Q ^. 
Proof. Let q G (1, oo) be such that 1/p + 1/q = 1. By (3.16) 



The upper bound follows from Lemma 4.32 with = 1, k G Z. For lower bound, we 
first have ||-Eq /||p < ||/||p- The two remaining terms are then estimated by using 
Theorem 4.1 and Lemma 4.3; for the last term we first write Ef. = —Dk + Ek-i and 
use the UMD property. □ 



5. DECOMPOSITION OF A CALDER6n-ZYGMUND OPERATOR 



Let T G C(L P (R N , fi; X)) be a Calderon-Zygmund operator as in Theorem 1.7. 
We establish the following estimate: 



(5.1) 



\(g,Tf)\ 



< 



£ (Dfg,T(D^f)) 
Qev,ReT>' 



where / G L P (R N , fi; X) and g G L q (R N ,fi,X*). 

Estimate (5.1) is uniform over all dyadic systems T> = T>((3) and T>' = T>((3'), and 
it is based on decomposition of functions, treated in Section 3. In the subsequent 
sections various good parts of the series on the right hand side of (5.1) will be 
estimated. In Section 13, we finish the proof of Theorem 1.7 by collecting estimates 
of good parts, and also performing an estimate for the remaining bad part. 

In order to prove (5.1), we recall the basic cubes Qo G T> and Rq G T>' satisfying 
(2.7). The L°°-accretive systems for T and T*, respectively, are denoted by {&q}q<ex> 
and {b 2 R } R£ x>>- Let q G (1, oo) be such that p~ l + q~ l = 1 and let / G L P (R N , /i; X), 
geLi(R N ,fi;X*). 

According to (3.16), and the reasoning therein, we have the decompositions 



J °Qo /ui 



(5.2) 



£ Dff = D^f; 



j=~oo 
oo 



£ Dfg = Y, ofg, 



3=-oo 



Rev 
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which converge in L p and L g , respectively. As a consequence, we see that 
(5.3) 

(g,Tf) = faT^Dtff)) + (2,n&Qo7ir^)> 



E^ r (E L, 3 1 /)}+(r*(6i 



<<7>i 



ReV QeT> K Rot"*- Qi=t> 

Using the Holder's inequality and (1.6) for T*, we have 



\°Q W N 



T*(b 2 



(9)1 



Ro IU2 
} Ro 



Mi 



\T*(b%)\\ q 



(5.4) 



< 



r — [ I^U.dr-HH^IIao-M^J 



,1/9 



/i(i? 



o; jro 



1/9 



In a similar manner, we have 



(5.5) 



\b l n 



(/>! 



I < 



As a consequence of (5.4), (5.5), and (5.2), we have 



\{T*{b 2 



(9h 



\°Roh N Qev 



(fh 



V 



Computing as above, we also find that 

UT{bl o ^^))\<\\g\l 

Combining the estimates above gives us (5.1). Within the summation on its right 
hand side we can tacitly assume that the summation varies over cubes for which 
Q C Qo and R C Rq. Indeed, otherwise D a ^ 2 g = or Dq 1 f = 0. 

6. Decoupling estimates 

We begin with the following tangent martingale trick originating from [10], and 
formulated in a way convenient for our purposes in [4]. Let (E,Ai,n) be a cx-finite 
measure space having a refining sequence of partitions as follows: For each k £ Z, 
let Ak be a countable partition of E into sets of finite positive measure so that 
a(A k ) C a(A k -x) C M, and let A = U keZ A k . 

For each A £ A, let va denote the probability measure fi(A)~ l ■ h\a- Let (E,Af, v) 
be the space Hag^^ with the product er-algebra and measure. Its points will be 
denoted by y — iy a) AeA- By [4, Theorem 6.1], the following norm equivalence holds: 

6.1. Theorem. Suppose that X is a UMD space and p £ (l,oo). Then 



Exfl 



dP(e) dfi(x) 



x 




FxExfl 



J2 £k J2 l A{x)f A {yA, 

A€A k 



dP(e) dfi(x) dv{y). 



x 



As a consequence, we obtain the following extension of [J, Corollary 6.3]. 
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6.2. Theorem. Let X be a UMD space and p E (1, oo). For each A E A, let 

k A :AxA^ C(X) 

be a jointly measurable function for which there is a constant C > such that 

(6.3) TZ({k A (x,y A ) : x E A E A}) < C < oo, if x E E and y E F. 

Suppose also that, for each A E Ak with k E Z we are given a o (Ak-\) -measurable 
function f A :E^rX, supported on A. Then 

l A (x 



(6.4) 



Exfl 



5> E 



kez AeA k 

<c 



k A (x,z)f A (z)d[i(z) 



dP{e)dji{x) 



x 



BxSl 



kez AeA k 



dP(e)dfx(x). 



x 



Proof. Observe that (6.4) can be written as 

^£ fe ^2 1 A(x)k A (x,y A )f A (y A )dis(y) 



Exfl 



dP(e) dfx(x) 

kez AeA k 

By Holder's inequality and Fubini's theorem, this quantity is bounded by 




FxExQ 



dP(e) dfi(x) du{y). 



x 



^2e k ^ 1 A(x)k A (x,y A )f A (y A ) 
fcez AeAk 

By the 7£-boundedness assumption (6.3) and the fact that each Ak, k E Z, is a 
countable partition of E, we can further bound (6.4) by 

v 



C 




FxExfl 



J2 £ k l A{x)f A {y Al 



kez AeA k 

The proof is finished by using Theorem 6.1. 



dP(e) dfi(x) du{y). 



x 



□ 



Let Q v and R u , u,v E {1,2,..., 2^}, denote the son cubes of Q E T> and R ET>' 
in a fixed order. Fix u and v as above, and assume that the elements of a matrix 

{T RQ e C : R eV , Q e P^ good , £{Q) < £(R)} 

satisfy the estimate 



(6.5) 



\T. 



RQ I 



< 



£(Q) a l 2 £(R) a ' 2 



d+a 



Recall that D(Q, R) = £{Q) + dist(Q, R) + £(R). 

Assume that {f k E Ll oc (R N , /x; X)} k& and {g k E L\ oc (R N , fi; X*)} k& are such 



that E k -\f k = f k and E k _\g k = g k for every k E Z. If Q E T> k , we denote 
and g R = l R g k if R E V' k . 



6.6. Lemma. Assume that E k _if k = f k and E k _ 1 g k = g k , where f k and g k , k ETL, 
are as above. Assume also that the estimate (6.5) holds. Then 



y^ (qr) Ru ( /q) 



(6.7) 



Rev Qev R . good 
£(Q)<£(R) 



< 



y^ tkdk 



k=—oo 



L9(P®n;X*) 



£kfk 



k=—oo 



LP(P®/i;X) 
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Here and throughout the paper in what follows, we use the following convention 
in order not to burden the notation too much: The duality pairing between elements 
tp G X* and £ G X is written in the simple product notation as ip£. Thus, above, the 
expression (g R ) Ru T R Q(f Q )Q v is the duality action of (g R ) Ru G X* on T RQ {f Q ) Qv G 
X, where this latter term is in turn the product of T R q G C and (/q)q„ G X. 
(We keep the scalar T R q in the middle to anticipate the operator-kernel case in 
which T R q G C(X), in which case (g R ) Ru T R q is the only logical order of the 
'product'.) 

Proof. Consider first the part of the series where the ratio £{R)/£{Q) is a fixed 
number 2 n , n G N , and 2 j < D(Q, R)/£(R) < 2 j+1 for a momentarily fixed j G N . 
The last double inequality will be abbreviated as D(Q, R)/£(R) ~ 2K If moreover 
R G T>' k , the estimate (6.5) reads as 



IT, 



RQ\ 



fi(R u )fi{Q v ] 
First of all, we have 
(6.9) 



< 



'2{k—n)a/2'2ka/2 
2(k+j)(d+a) 



2-na/22~joi2-(k+j)d 



EE E {9R)RuT R qUq)Qv 
D(Q,R)/e(R)~2i 



EE E 

fcez Qev k _ n R eV k 

Q is il-good 



1r) Ru Trq (/ Q } Q„ 



E E e *M*) 



■E E £ q^M E T RQ (^) Ru rfp(e)^(x) 



Q is _R-good 
D(Q,R)/£(R)~2i 



< 



E e ^' 



Sex> 



I> E E 

Q is _R-good 
D(Q,R)/£(R)~V> 



r 



RQ 



L9(P®/i;X*) 



Reorganizing the summation, we have 

E £ ^ 



LP(P®fi,;X) 



E ^ 



/,; = — oc 



LP(P®/i;X) 



and we are left with estimating the quantity 

I> E E 1 



(6.10) 



\9r)r u 



k&L Q€T) k _ n R <=T>' k 

Q is i?-good 
D(Q,R)/i(R)~Zi 



>(Q 



L"(P<g>M;X*) 



In order to estimate this quantity, we first prove that if Q G T>k- n and R G T>' k are 
such that Q is iZ-good and D(Q,R)/£(R) ~ 2 J ', then 

(6.11) Q C fl<W*0) G ^. +J+ea+n) , where = [y^~ 
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For this purpose we first show the following: for t G Mo, we have 

(6.12) r <n + t^ either Q C R {t) orQcl Ar \ R {t) . 

The condition on the left hand side is equivalent to that £(Q) < 2~ r £(R^). In 
order to prove (6.12) we assume the opposite. Then there are points x G Q D 
and y e Q D (R N \ R (t) ). In particular, we find that Q n <9i? (i) 7^ 0, so that 
dist(Q, dRy>) = 0. However, by using Remark 2.5 and that Q is i?-good, we have 

dist(Q,aR {<) ) > ^(Q) 7 £( J R (i) ) 1 " 7 > 

because > £(R) > 2~H{R) and £(R®) > 2 r £(Q). This leads to a contradic- 

tion, and (6.12) follows. 

We are now ready to prove (6.11). Assume the opposite, that is, 

(6.13) Q £ flCW-HO). 

Note that t :— j + 8(j + n) > r, so that r < n + t. Hence (6.12) applies, and it 
implies that Q C ~K N \ R®. Using this relation and Remark 2.5, we find that 

27(fc _ n ) 2( i_ 7){fc+t ) = ^Qy^ R (t)y-i < dist(Q,&R {t) ) 

= dist(g, J R {t) ) < dist(Q,R) < D(Q,R) < 2 j+1 £(R) = 2 j+1+k . 
Simplifying this inequality leads to the estimate 

t < - (j + 1 + jn) = j + '- < j + 9(j + n), 

1 — 7 1 — 7 

which is a contradiction by definition of t. It follows that (6.13) fails, so that (6.11) 
holds true as desired. 

Using (6.11) we can now reorganize the summation over Q in (6.10) so that 

E E = E E E 

Qev k _ n Rev' h Sev' k+ . +e( . +n) QeD k ReV k 

Q is ij-good QCo Q is i?,-good 

D(Q,R)/e(R)~2i D(Q,R)/£{R)~2i 

For S, Q, R as in the last summation, we denote 

where < |£rq| ^ 1 by (6.8) and the following estimates: 2~i a l 2 < 1 and 

yu(5) < 2 ci ( A:+J ' +e (- ? ' +n ^ < 2 d ( 1+r /( 1 -T»2 d(fc+j)+(j+n)a/4 . 

In the first inequality above we used (1.1), and in the last inequality we used the 
assumption dj/(l — 7) < a/4, see (2.1). 
For each S G T>' k+ j +e ^ +n y define a kernel 

K s (x,y):= l Qv{x)t RQ l Ru {y). 

Q&V k _ n R & V' k 
QCS Q is _R-good 

D(Q,R)/t(R)~V> 

Then K$ is supported on 5 x S (notice that RU+ d i3+ n )) = S because both of these 
cubes from T>' k+ - +e ^- +n ^ contain Q) and \Kg(x,y)\ < 1 since there is at most one 
non zero term in the double sum for any given pair of points (x, y). 
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The quantity inside the norm in (6.10) is 2"( n +J>/ 4 times 



(6.14) 



j+9(j+n) 



k =0 



E 



E 



;fc=fe{) 



S ' eX, fe+j + 9(j+n) 



mod j+0(j+n)+l 

where the fact that 1_r u <7& = ln u gR for R £ V k was also used. For a fixed /c , the 
series over k = k mod j + 6*(j + n) + 1 is of the form considered in Theorem 
6.2. Indeed, ls9k is supported on S G T)' k+ - +e ^- +n y and it is constant on cubes 
Q' G = T> k r + j +9 (j +n ), where k' = k — (j + #(j + n) + 1). By Theorem 6.2 and 

the contraction principle, the L q (P ® fi; X*)-norm of the quantity (6.14), for a fixed 
ko, is dominated by a constant multiple of 



E 



Asfco 5ex>! 



< 



fe+i+SO'+n) 



L8(P® W A-*) 



Li{P®fi;X*) 



The full series over k G Z consists of j + #(j + n) < n + j + 1 subseries like this, 
which implies that the quantity in (6.10) is dominated by 



C2- {n+j)a/ \n + j + 1) 



k&L 



L"(P®ii;X*) 



Since this is summable over n G No and j G N, this proves the goal (6.7). 

7. Separated cubes 



□ 



This section begins the case by case analysis of different subseries of the series 
(5.1) to be estimated. We start by dealing with cubes well separated from each 
other, and more precisely we prove the following proposition. 

7.1. Proposition. Under the assumptions of Theorem 1.7, we have 



(7.2) 



E E 

Rev QeT> R . good 

£{Q)<£{R)Adist(Q,R) 



(D a R 2 g,T(D^f)) 



o,l 



~ WdWq 



for every f G Z7(R , /i; X) and g G L q (R N ,[i; X*). Here 1/p + l/q = 1. 

For the following lemma, we denote {gu) r — (^-Rgk)R = {gk)R if -R G T>' k . Recall 
that the auxiliary functions below are defined in (3.2) and (3.8). 

7.3. Lemma. The left hand side of (7.2) is bounded (up to a constant) by sum of 
four terms of the following form: 



2 N 

E 

»,j'=i 



(7.4) 

where, for fixed i and j , 



E E 

Rev Qev R . good 

£(Q)<e(R)Adist(Q,R) 



(gR)R J (^R,j,TLp Qjl )(f Q )Q i 



and 



(9k,^R,j) 



(fk, <PQ,i) 



{E k -iD a /f 



o,l- 



a,l - 



VA; G Z A R G V' k or 
\/k G Z A R G V' k 

\/k G Z A Q eV k or 

VfceZAQe v k . 



In every case, these satisfy E k _ig k = gk and E k _if k = f k . 
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Proof. Using Lemma 3.9 and Lemma 3.3, we get 

2 N 

(7-5) 

T^a,2 /n«,2\2 a,2ri \ v / / na,2 \ a, 2 a, 2 7-1 \ 

d r 9 = ( D r) 9- E R g = 2^ {{Dr 9)r^rj - ^RjE R g). 

3=1 

Because supp^Q*) C Qi C Q, we have 

UqliEgf = UQ^ Q (f) Q = w§J(/)g. 

Similarly bj a R -E R g = u R 2 (g) R . As a consequence, for every Q E V and i? G V, we 
can write {D^g.T^Dq 1 /)) as 

(7.6) <J=i L 

ia,2 \ / a, 2 m a,l\ / x\ 1 / \ / a. 2 m o.l 



- 9)R j ( l PR, j ,Tu^ i ){f)Q+ (g} R (uj a R \ j ,Tuj^ l }(f} c 

Thus, to conclude the proof, it suffices to consider the following computations and 
their symmetric counterparts for the function /. 
First, if (gk,i>R,j) = (Ek-iD^g,^^), we have 

(j9R)Rj = ( l R9k)R 3 = (E k -i(l R D% 2 g))n. = (D°£g) Rj . 

Hence, (g R ) Rj ip Rd = (D a /g} Rj ip a R ^. 

Next we assume that (gf. : ip R j) = (1^.2^,2 ^E^g^u^ 2 ). Now 

(7-7) {gRiRi = (9k) Ri = ( 1 {^V^i 2 1 })^ jEfc S , )«j = ( 1 {b a k ' 2 ^b a k '^ 1 }}Rj(9)R 
but also 

( 7 - 8 ) ( 1 {6jV6^j) = lR A 1 {b a k ' 2 ^b a k ' 2 1 } U} k 2 ) = 1 R 3 uj k 2 = 

Combining the identities (7.7) and (7.8) above, we get (g R ) Rj ip Rt j = (g) R u} a R -. □ 

To proceed further we need two lemmata. 

7.9. Lemma. Let Q E V, R E V satisfy £(Q) < t{R) A dist(Q,R). Assume that 
fQiipR £ L 1 (M. N ,fi;C) are such that supp(y9g) C Q, supp^n) C R, and 



J Vgd^ = 0. 



Then 

£(Q) a 

\{</>R,TtpQ)\ < d . st ^ R y +a y Q \\ L ^)UR\\L^)- 

Proof. See [11, Lemma 4.1]. □ 

7.10. Lemma. Suppose that R E T>' and Q E T> ' R - g0 od^T^ 'rW - g0 od are cu ^ es such that 
t(Q) < e(R) A dist(Q,#). Then 

KQ) a < £{Q) a/2 i{R) a/2 



dist(Q,i?) d+Q ~ D(Q,R) d ^~ 
Proof. See [11, Lemma 4.2]. □ 
We are ready for the proof of Proposition 7.1. 
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Proof of Proposition 7.1. By Lemma 7.3, it suffices to estimate (7.4). To this end, 
we fix i,j G {1, 2, . . . , 2^} and denote (ip R , ^q) = {ipaj, V^Q,*)- Combining lemmata 
7.9 and 7.10 and using the properties of functions ip R and (fiQ that are described in 
lemmata 3.3 and 3.9, we have 

£(0) a/2 £(R) a/2 

\<4>r,t<p q )\ < d[ q ^L tiWQ*) 

if R G T>' and Q G £>_R- g ood satisfy £{Q) < £(R) A dist(Q,R). Invoking Lemma 6.6 
with a matrix whose elements are defined by 

(7-12) T RQ = (^ R ,T<p Q )li(Q)< e ( R ) Adist (Q :R )lQ eT)R _ good , 

we see that the quantity (7.4) can be dominated by a constant multiple of 



(7.13) 



£ k9k 



k=—oo 



L9(P(g) M ;X*) 



£ kfk 



k=—oo 



LP{V®n;X) 



To estimate these quantities, consider first the case /& = 1,^,1,^,1 yE^f. In this 
case, we have 

Using the contraction principle, UMD-property of X, and Lemma 4.3 we get the 
estimate 



(7.14) 



k=—oo 



< 



J2 £ ^f 



k=—oc 



LP(P®fi;X) 



+ 



1 /ifl.l T 



E k -if 



k=—oo 



Next consider the case /& = E^iD^ 1 f . Invoking Stein's inequality and then using 
Theorem 4.1, we obtain the estimate 



< 



LP(P®fi;X) 



V 



£ kfk 



k=—oo 



< 



P m 



LP(P®fi;X) 



in this case. Combining these estimates with analogous estimates for g, we obtain 
the upper bound C||<7|| g ||/|| p for (7.13), and therefore also for (7.4). □ 



8. Preparations for deeply contained cubes 

In the analysis of (5.1), we move on from the separated cubes to ones contained 
inside another one. To streamline the actual analysis, we start with some prepara- 
tions. We will be summing over cubes of the following type: 

8.1. Lemma. Let R G V and Q G V R _ good be such that Q C R and £(Q) < 2~ r £(R). 
Then Q C R\ for some child, denoted by R 1} of R. 

Proof. Denote by Ri any child of R for which Ri H Q 7^ 0. It suffices to show that 
Q C R t . Note that £{R{) = 2~ 1 £{R) and £{R X ) > 2 r £{Q). Because Q is iZ-good, we 
can invoke Remark 2.5 in order to see that 

dist(<2,&Ri) > £(Q) 7 £(i? 1 ) 1 " 7 > 0. 



Because Q D R\ 7^ 0, it follows that Q C R\. 



□ 



THE LOCAL NON-HOMOGENEOUS Tb THEOREM 



31 



Let Q and R be such cubes that are considered in Lemma 8.1. The children of R 
are denoted by R\, . . . , R 2 n. However, we choose the indexing such that Q C R\, 
see Lemma 8.1. The indexing of children depends on Q; in particular, Ri = Ri(Q) 
depends on Q. We will not indicate this dependence explicitly. 

The children of Q are denoted by Qi, . . . , Q 2 n in some order. 

Let u, v G {1, 2, . . . , 2^} be fixed. Here we consider a matrix {T^q] satisfying the 
estimate 

a/2 im- 



\ r pu I 
\ 1 RQ\ 



( KQ) 

n{lQli{Q v ) ~ \£(R) 



< 



l^Ri)' 1 



if 1, 
if u = 1 , 



8.3. Lemma. Let {f k G Ll oc (R N , //; X)} k& and {g k G L\ oc {R N ^; X*)} k& be such 
that Ek-ifk = fk and E^-igu = gk for every k G Z. Then, under the assumption 
(8.2), we have 



^ (g r) Ru^RQifQ) ( 



(8.4) 



flex" Q&v R _ good 
QcRi 
i(Q)<2- r £(R) 



< 



y^ ^fcS'fc 



fc=— oo 



L9(p® M; x*) 



y^ ^fcA 



k=— oo 



LP(P®/i;X) 



Proof. Consider first part of the series where the ratio £(Q)/£(R) is a fixed number 
2~ n with n G {r + 1, r + 2, . . .}. If _R G X>£, the estimate (8.2) reads as 



$.5) 



It 1 " I 

\ 1 RQ\ 



if 1, 
if u = 1. 



n{Ru)li{Q 

Adapting (6.9) to the present situation yields the estimate 
Y Y Y (9r) RvFrq {fo)Qv 



is fl-good 
QCRi 



< 



SeT> 



E E !• 

fcez Qex> fe _„ Rev' k 

Q is fl-good 
QCfli 



RQ 



(9r) 



Rv 



Z,9(P® W X*) 



Reorganizing the summation, we have 



set> 



LP(P®ii;X) 



y^ tkfk 



k=—oo 



so that we are left with estimating the quantity 



(8.6) 



5>E E 



RQ 



R£V' k Q&V k _ n 
Q is fl-good 
QCfli 

N-] 



(9r)r u 



LP(P®fi;X) 



L«(P®/i;X*) 



For each R EV' k and m G {2, . . . , 2 }, define kernel 
JC£(s,y):=2"»/ 2 £ ^(fl) lfl(*)l Q „(*) 



J flQ 



Qexv 

Q is fl-good 
QCfli 



=1 Q„ (as) 



jl(Q v )^(R m ) 



iRm(y)- 
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K l s (x,y):=2^ 2 ^ »(S) l s (x)l Qv (x) 



T 1 



S(!)( 



Q&T>k—n 

Q is sW-good 
QcS 



Ijl{Q v )h{S) 



l5(l/) ■ 



We have 



|^(x,y)| + X;W(^y)l^l 



m=2 

by using (8.5) and the fact that there is at most one non zero term in the sums 
above for any given pair of points (x,y). In the sequel we will use one of these 
kernels, depending on the value of u. If u 7^ 1, then is supported on R x R. If 
u — 1, then Kg = K s is supported on S x S. 

The quantity inside the L p -norm in (8.6) is 2" na / 2 S u , where 



(8.7) 
and 



k& 



Rev 



y) l R{y)9k{y)d^i{y), if « ^ 1; 



Ks(x,y)ls{y)9k(y)dfi(y), if it 



Here the fact that lR u gk = ^-r u 9r f° r R ^^k was a l so used. 

Then we do a case study; assume first that m ^ 1. Then l^^jt is supported on 
R G 2^, and it is constant on cubes R' G T>k-i- The tangent martingale trick 
(see Theorem 6.2) implies that the L q (P (g) /x; X*)-norm of the quantity (8.7) is 
dominated by a constant multiple of 



(8.9) 



Then we assume that u — 1. In this case l£<7fc is supported on S G and it is 

constant on cubes R' G T>' k _ 2 . The tangent martingale trick (Theorem 6.2) implies 
that L q (P ® //; X*)-norm of the quantity (8.8) is dominated by a constant multiple 
of 





9R 




Y^k9k 




k&L 


Rev k 


£9(P®/*;X*) 


kez 


L<J(P<X>At;X*) 



5.10) 



Y l s9k 
kez seV. , 



< 


Y^k9k 




Li(P®[i,;X*) 


k£Z 





Combining the estimates (8.9) and (8.10), we find that the quantity in (8.6) is 
dominated by 



C2 -na/2 



tk9k 



k& 



L<2(P<g>/i;X*) 



This is summable over n G {r + 1, r + 2, . . .}, and therefore we obtain (8.4). □ 



9. Deeply contained cubes 



During the course of Section 9 and Section 10 we establish the following estimate 
for the part of the summation in (5.1) involving deeply contained cubes. 
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(9.2) 



E E (D a R 2 9,T(D^f)) 



ReV QeV R _ good 
QcR 
£(Q)<2- r e(R) 



< 



g\ 



for every f G L P (X) and g G L q (X*). Here l/p+ 1/q — 1. 

Let R and Q be as in (9.2). Recall from beginning of Section 8 that Ri, . . . , R 2 n 
are children of R such that Q C R\ C R. By the proof of Lemma 8.1, we get 

(9.3) 2 r ^£(Q) <£(Q)^( J R m ) 1 " 7 <dist(g,9i? m ), m G {1,2,..., 2^}. 
This is a useful inequality later on. 

Writing 1 R = Y^m=x anc ^ using that supp(_D^,' 2 g) C R yields 

2 JV 

(9.4) (Bgg,T(Btff)) = (l Rl Dfg,T{D'£f)) + ^{l^Dfg^D^f)). 

m=2 

The point is that Q is contained in R\, so Q is separated from the children R 2 , . . . , -R m . 
Hence, arguments developed in Section 7 can be applied to these terms. Treating the 
main part of the term associated with the child Ri requires so called paraproducts; 
these are discussed in the following section. 

Let us sketch what are the estimates that are performed in the remaining part of 
this section. First we will show that 



(9.5) 



E E E ^Dfg,T{D^f)) 



m=2 ReV QeT> R _ good 
QcRi 

e(Q)<2- r e(R) 



< 



Then, in order to treat the remaining (first) term on the right hand side of (9.4), 
we write RI = WL N \ Ri and 



(9)R 



1 n a > 2 _ 1 li \9/Ri t 
i Ri JJ R 9 ~ LrA OR°jr—r R a - 

In this section we establish the estimate 

(9)ri 



l Rh 



{9)r 1 , (g)R 

— R a- 



(9.6) 



E E 

Rev Qev R _ good 
QcRi 
l(Q)<2- r £(R) 



1.RC I b R a 



(9)r 

{b>Ra ) R 



(pRI ) Ri 

,T(D^f) 



\bR<*)R 



< 



p\\9\ 



The remaining term is treated in Section 10 by using paraproducts. 

Proving estimate (9.5). Proceeding as in the proof of Lemma 7.3, we see that the 
left hand side of (9.5) is dominated by a series of four terms, each of them being of 
the form 



(9.7) 



EE E E (9R)R 3 ( t l J Rd,rn,T¥Q,i)(fQ)t 



m=2i,j=l ReV Qev R _ good 
QcRi 
l{Q)<2~ r £(R) 



where we denote (g R ) Ri = {l R g k )R i 



c )r. if R G T>' k (similarly for /), and the 



four summands are determined by the following possibilities: 

(9.8) (g k , ijjR,j, m ) e {{Ek^D^g, Ir^p^), {l {h a,^ b a,^ } E k g, l^g)} 
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and 

(9.9) (fk,<PQ,i) e {(E^D^f,^), (l^.i^j.Efe/,^ 1 .)}. 

Note that, in any case, E k ^g k = g k and E k - X f k = f k . 

9.10. Lemma. Assume that ReV and Q £ V R _ good , Q C Ri and £(Q) < 2~ r £(R). 
Let il>R } j,m, m > 2, and tpq^ be any of those functions that are quantified in (9.8) 
and (9.9), respectively. Then T R q := (i/jR,j,m,T<fiQ t i) , i,j £ {1, . . . , 2^}, satisfies 

^RMQ % ) ~ \l(R)J ^ ] • 

Proof. Because m > 2, we have Q (1 R m C R± fl R m = so that 

£(Q) < dist(Q,dR m ) = dist(Q,R m ) 

by (9.3) and the assumption that 1 < 2 r ^\ see (2.1). We also have £(Q) < £(R 
Hence, by using lemmata 7.9 and 7.10, the properties of functions ipRj )m and (fQ 
that follow from lemmata 3.3 and 3.6, and (1.1), we obtain 

K^RJ^TlfQ^l < ^ i Y +a II^Rj.mlUi^ll^Q.illL 1 ^) 

(9.11) W ' m> 



m ) • 



< 



(my \WRj, m \\LiM\\<p Q AvM < (i(Q)y' n(Rj)tiQi 
\e(R)J £{R) d ~V(R)J n(R) 



This is the desired estimate. □ 

Combining lemmata 8.3 and 9.10 and then estimating as in the end of Section 7, 
we see that the quantity (9.7) can be dominated by a constant multiple of ||/|| p ||(7||g. 
As a consequence, we see that the left hand side of (9.5) is be dominated by a 
constant multiple of ||/|| p ||fli| 9 . 

Proving estimate (9.6). Let R £ V k . We write 

V [Vm/Ri \0R a )R/ 



where 



and 



E k -i9 E k g 
^^'H^-i^ E k bf 



By (7.5), we see that the left hand side of (9.6) can be dominated from above by a 
sum of six terms, each of them being of the form 



(9.12) 



2 N 

E 

i=i 



(gR)R 1 (^R, T ¥Q,i)(fQ)i 



ReV QeX> good 
QcRi 
i(Q)<2- r l(R) 



where (g R ) Rj = (ln^fc)^ = (g^Rj i{ReV k (similarly for /), and the six terms are 
determined by the following choices: 

(9.13) (g k , ip R ) £ {(s fc , l R ob R a), (h k , l R °b R «), (u k , l R -b Ra )} 
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and 

(9.14) {fk,<PQ,i) G {(tf fc -il#7, VSD> (IffVt 1 /^'^'^- 

Note that, in any case, E k _ x g k = g k and E k - X fk = fk- 

9.15. Lemma. LetipR andtfQi be any of those functions that are quantified in (9.13) 
and (9.14) for R G V and Q G V R _ good satisfying Q C R x and £{Q) < 2~ r £(R). 
Then T R q := (ipn, TtfQj) satisfies the estimate 



n(Qi) ~ \i(R) 



IT 1 I 
\ 1 rq\ 



a/2 



Proof. Denote by yq the midpoint of Q. Let x G R\ and y G Q. By (2.1), (9.3) and 
the fact that Q C R\, we have 

2|y-y Q | <2^~^(g) < dist(Q, 9^) = dist(Q,i^) < |z-j/ |. 

Using the kernel estimate (1.3) and the facts J tpqj = and svpp(tpq t i) C Q, we get 

(9.16) 

|(^,T^ Qii )| 

^R(x)lRf(x)(K(x,y) - K(x,y Q ))(pQ ti (y)dfi(y)dfi(x) 



< 

no 



F - VQ 



^\vQ,i(y)\My)Mx) ^ ll^lli 



£(Q) a 



R1 F - ^/Q 



dfi(x) 



Denoting A fc = {x : 2 fc dist(^,Q) < |z - y Q | < 2 fc+1 dist(i^, Q)}, we can estimate 
the last integral as follows 



Rl \x-y Q \ d +<* PV 7 " ^ 



^ fc (2Mist(^,g))^ 



d\i{x) 



(9.17) 



< j^m a KB(y Q ,2 k+l dist(R<i,Q))) 



k=0 



(2 fc dist(^,Q)) 



d+a 



< 



i(QY 



dist (R1,Q) C 



j_ < / gg) v 

^2^ ~ V distal, Q)7 



This can be further estimated by using that 7 < a(2(d + a)) 1 < 2 1 , see (2.1) 
Combining this with (9.3) yields the estimate 

£(g) 1/2 ^(i?!) 1/2 < £(Q)^(i?!) (1 - 7) < dist(Q, = dist(Q,i^). 

Substituting this into (9.16), we find that 

£(Q) ^ a ' "™ ^ a/2 



\(ipR,Tip Q>i )\ 



< 



dist (R1,Q) 



■ < ( t{Q) 

1 ~ T7TT- 



V(Ri 



This is as required because ||<£>Q,i||i < l^(Qi) and £{R\) = 2 l £(R). 



□ 



Combining lemmata 9.15 and 8.3 we find that each of the six terms of the form 
(9.12) are bounded (up to a constant) by by 



00 

£k9k 

k=—oo 



Li{P®[i;X*) 



/] £ kfk 



k=—oo 
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At the end of Section 7 we verified that the second factor above can be dominated 
by || Hence, it remains to verify the following estimate, 

oo 



(9.18) 



E 



< 



\9\ 



Li{P(S)fi;X*) 



The cases g k G {h k ,u k } have been cleared in connection with the separated cubes: 



(9.18) follows from the contraction principle and (7.14) if we recall that \E k b a k ' | > 5 
//-almost everywhere. The remaining case 



9k = s k 



E k -ig 



E k g 



is treated by Lemma 4.5. 

This concludes the proof of estimate (9.6). 



10. Paraproducts 

In order to finish the proof of Proposition 9.1, we still need to establish the following 
estimate 

(9)ri 



'10.1) 



E E 

Rev QeV R _ gooA 
QCR 
£(Q)<2- r £(R) 



>Rl 



Ri 



, a A?)R_ T ( D al^ 



(M 



R 



< 



9 



We will draw inspiration from the work of Hytonen and Martikainen [6], and the 
following standing assumptions in Theorem 1.7 are crucial while proving (10.1): 

• X* is an RMF-space; 



|T*6^||ioo( R jv jAt . C ) < 1 if R is a cube in 



DiV 



For Q G T> and R G T>', we denote 

1, if Q is i?-good, Q C R, and i(Q) < 2- r £(R); 

Xq,r 



0, otherwise. 
Suppose that Xq,r. — 1- Then we write 



G 



Q,R 



bRi 



(9)Ri 
(bR^Rj 



b R a 



(9)1 



(bRa), 



for a quantity that depends on Q and R, as Ri stands for the child of R for which 
Q C R. Using the notation above, we can rewrite the left hand side of (10.1) as 
follows 



10.2) 



E 

Rev Qev 
xq,k=i 



(G Q , R ,T(D^f)) = W G Q , R ,T(D a Q l f) 



Qev 



ReV 

XQ,fl=l 



It is straightforward to verify that, if XQ,R = 1> then Xq,r(™) = 1 f° r every m G No- 
It follows that, if Q G T> and the inner sum on the right hand side is nonempty, 
there exists a unique cube S = S(Q) G T>' containing Q such that Xq,r = 1 if? an d 
only if , S C R G T>' . If the inner sum in question is empty, we let S = S(Q) = 0. 
As a consequence, if S(Q) 7^ 0, 



E Gq,r — ^2 Gq,r — b S a 



ReV 

XQ,fl=l 



ReV 



S a )s 



>Ro 



(9)l 



( b Roh 
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Substituting this identity to the right hand side of (10.2), we get 
(10.3) 



E( E G Q , R ,T(D#f) 



QeT> ^ Rev' 



<l<n<?,/)| 



E ( T * b 



QeT> 



>Ro 



{9)r n n a,l r 
O J 



( b R )l 



where the paraproduct operator g i— >■ Ug is defined by 

(io.4) n g : = E (^y:^' 1 )*^^) = E E 



(g) 



R 



{D a A l y{T% Ra ). 



QeT> 



S{Q)=R 



R a )R 



Throughout the rest of this section, we will prove the following estimates: 

10.5. Proposition. Under the standing assumptions, the paraproduct just defined 
satisfies 

(ice) l<n^/>|<||/|WM| fl , 

and we also have the estimate 
10 7) 



E ( T * b 



Q&V 



>Rq- 



< 



p\\g\ 



Observe that these estimates imply (10.1) which in turn, combined with estimates 
in Section 9, implies Proposition 9.1. 

Proving estimate (10.6). Here we will concentrate on paraproducts, and begin 
with the following lemma. 

10.8. Lemma. Suppose that t > q V s, where X* has cotype s. Assume that a 
sequence 

{dj}j G z of functions R N -> L*(f2; C) satisfies d 3 e L 1 (R iV ; C)), then 



< 



L^S^xR^L^QjX*)) 



ll{Mi(-)l L*(f7;C)}jez||car i (C) ' II 9 II Li(R N ;X*) ■ 



Proof. This will be a special case of Theorem 3.5 in [4], which says that 



3& 



~ ll{Mj( , )|x 3 }j6z||car t (I>') ' llfi , IU'J(R JV ;X 1 ), 

Li(n*xR N ;X 3 ) 

whenever X\, X 2 , X3 are three Banach spaces with X\ having the RMF property, 
and X2 C C(Xi,Xs) embedded in such a way that the unit-ball Bx 2 is -R-bounded. 

Denote X x = X*, X 2 = L*(fi;C), and X 3 = L*(fi;X*). Then X x is an RMF 
space by assumption. By the result of [4] just stated, it suffices to verify that the 
closed unit ball of X 2 is a Rademacher-bounded subspace of £(X 1; X 3 ) when the 
action of p G X 2 is defined by 

X\ 3 x h-> p(x) := p <S> x : p (g) x(e) = p(e)x. 

To this end, let {p^ : j G N} be a sequence in Sx 2 and {xj : j 6 N} be a sequence 
in X*. By Fubini's theorem and Proposition 2.4, 

t \ l/t 00 

E^ 



E, 



L*(ft;X*) 



^ sup Hpj-I 



L*(n) • 



<i 



E 



Xj 

j=l £*(f2;L*(Q*;X*)) 



L'(fi*;X*) 



00 

E £ ^ 


') 




x*/ 
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By Kahane-Khinchine inequality, this is as required. □ 

We need further preparations for establishing (10.6). 
Recall that Dq 1 = {D a ^f - u^Eq by (3.10). Denote 

(10.9) xq ■= 1qX*-i := 1 Q 1 {6^l 1 1 ^' 1 }' if ^ G Vk ' 

By Lemma 3.6, we have u^ 1 = Xq^q 1 ■ Furthermore, XQ E Q f = E k _i(x Q E Q f) if 
Q £ Hence, we can write 



ow>= E {g)s 1 



((D^y(T*b Sa ),D^f) 



Qev 

S(Q)#0 



Qev 
S(Q)^<D 



= I ( E eQT^iVtfrTbg.), E e^ 1 / W) 
Jn \ Qev ^ sa ' s Q'eV ' 

S(Q)^0 

- / ( E £ Qliri^ E ^2WQ))-i( UJ Q lT * b s a ), E £ Q'XQ'E Q >f)dP(e). 
Jn \ ^ (Ms ^ / 

Taking the absolute values, and using Holder's inequality, we get 



l<n<7,/>|< 



Qev 
S=S(Q)^Q) 



s a )s 



E £ Q' D Q'f 



Q'ev 



E £ Q/h f E i°&2(t(Q))-i( U} Q lT * b s a ) E £ Q'XQ' E Q'f 
Qev ^ 5a ' 5 e Q'ex> 



Using (2.9) and contraction principle, followed by Theorem 4.1 and Lemma 4.3, we 
see that |(n<7, /)| is bounded by a sum of two terms, both of them being (a constant 
multiple) of the general form 



10.10) 



E E £ Q 7l Q,R a (9)R 



Rev Qev 
S(Q)=R 



Here the two terms are determined by the following choices: 

(10.11) n Q , Ra £ {( J D3 1 )*(T*^)^io g2W Q))-iK' 1 T*^)}. 
Observe that, if R and Q are as in (10.10), then 

(10.12) n QiRa = l R n QiRa . 

In order to estimate quantities of the form (10.10), we will use the following 
lemma. 

10.13. Lemma. Assume that U £ V and t £ (1, oo). Then 



(10.14) 



E E £ Q 7T Q,u a 



Rev'-.Rcu Qev 

R a =U a S(Q)=R 



< 



1/t 



L*(R N xfi;C) 



THE LOCAL NON-HOMOGENEOUS Tb THEOREM 39 

Proof. Denote h = T*bjja and first consider the case Kq^u" — (Eq )*(h). Because 
Q C S(Q) if S(Q) ^ 0, we see that the left hand side of (10.14) is 



E E e Q {D^Y{\uh) 



Re.V-.Rcu Qex> 
R a =U a S(Q)=R 



< 



QCV 



Using Theorem 4.16 with X = C, followed by (1.6), we find that the last quantity 
is bounded by a constant multiple of 

||1[^<||l*(BJV;C) < \\h\\L^{R N ,fi-,C)\\^u\\Lt(m N ,fi;C) = M^O X/< II ^ II L 1 ^ (R^c) < Bfi^U) 1 ^. 

This is the required estimate in the present case. 
Then consider the case 



kq,u* = •Eiog 2 ^(0))-i(wQ /i). 

Recall that the expectation is taken with respect to 'D\ ^ 2 {t{Q))-i- By the contraction 
principle and the facts that Q C S(Q) if S(Q) ^ and Uq 1 = xq^q 1 , see (10.9), 
we get 



E E e Q 1T Q> 



ReV-.RcU QcV 
R a =U a S(Q)=R 



< 



< 



< 



E £ QXQ E io g2 (£(Q))-i(uJ^ 1 l u h) 



QcV 



^£kXk-i E l Q E k-i{u a Q l luh) 



Qev k 



^2 EkXk-iEk-iiUk^uh) 



fcez 



Here Xk-i = ^ft"^^ 1 } satis fi es Xk-i = E k -iXk-i- Also, sup fceZ ^II*^) < 1 by 
Lemma 3.6. Hence, by Proposition 4.18 with X = C, 



< 



HlXfcjfcezllca^OD) ' ||ll7^||it(]R^ )At ;C)- 



Using (1.6) and reasoning as in the proof of Lemma 4.4, we conclude that the right 
hand side above is bounded by a constant multiple of //([7) 1 /'. □ 

We finish the proof of (10.6). 

Recall that it suffices to estimate (10.10). Fix a real number t > q V s, where 
s G [2, oo) is such that X* has cotype s. Let us also introduce Rademacher variables 
e' = {£'r}r€.w G that are independent of {sq}q £ v- By (10.12) 



Li(R N xn-,X*) 



10.15) 



E E £ Q 7r Q,R a (9)R 

RCV QeV 
S(Q)=R 

E^( E £ Q n Q,R" ) l Mi 



RCV 



QcV 
S{Q)=R 



L9(tt'xR N xfl;X*) 



By Holder's inequality (10.15) is bounded by 



10.16) 



< 



E z^ 7 !-'/ 



L9(Q*xK JV ;L t (Q;X*)) 
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where e* = {s* : j £ Z} G fi* are Rademacher random variables and 



L\n) : xi-> le ^ Y Y £ Q 1x qM x ))- 



ReV- Qev 
S(Q)=R 



Concluding from above and using Lemma 10.8, we see that left hand side of (10.15) 
is bounded by (a constant multiple of) 



sup TjSxul 
'10 17) MP> 7 



lp e lll rf j(')IU*(«;C) 

j:V<l{P) 



•\\9\ 



LHR N xn* 



:S(P) 



To estimate the Carleson norm, we fix P G T>' for which fi(P) ^ 0. By (10.12), 



E(P) 



ReV Qev 
RCP S(Q)=R 



L*(n;C) 



By Khinchine and Kahane-Khinchine inequalities, 



(10.18) 



E(P) 



( X! ^Q 7 ^ ) 

\ p.iv OCT) L 2 (f7;C)/ 



Pe£>' QeX> 
RcP s(Q)=R 



L*(R^xn';C) 



1/2 



Since L 2 (f2; C) has cotype 2, see (2.3), we obtain 



E(P) 



^ £ P X e Q n Q,R a 
ReV Qev 
RcP S(Q)=R 

Y Y £ Q n Q>R a 
ReV Qev 
RCP S{Q)=R 



L 2 (Q';L 2 (fi;C)) 





< 


L 2 (f2;C) 





Y Y £ Q 7l Q 



R" 



Rev Qev 
RCP S(Q)=R 



L^R^xf^C) 



Suppose that M G No is such that P a e T> . Because cubes in a fixed layer T> 
m > M, are disjoint, we can estimate as follows 



E(P) 



Y Y £ Q n Q> 



10.19) 



ReV-.RcP Qev 
R a =P a S(Q)=R 



+ Y ( Y Y Y 

m =M+i ^ueV m ReV-.RcU Qev 
UCP R a =U S(Q)=R 



1 




If (I 


N xCl;Cy 



1/f 



Using Lemma 10.13 and Lemma 2.11, we can estimate the right hand side of (10.19) 
as follows 



OO s 

E(P)<A*(^) V '+ Y ( Y »{U) 

m=M+l ^ UeV m :UCP 



< 



M (P)Vt + ^ (1 _ r) ((m-A/)-l)/ f/i(p) l/* <^(p)V*. 
m=M+l 

The proof of (10.6) finishes by substituting the estimate above in (10.17). 
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Proving estimate (10.7). Randomizing and using Holder's inequality as in con- 
nection with the paraproduct operator, we get 

(ah 



E 

QeV 



T*b 



Rq 



D a 6 l f 



< 



\{g)m\ 

Observe that | (g)j 



E £ Q E io g2 (i(Q))-i(uQ 1 T*b Ro ) V. 
Qev i' 



QeV 

< //(M^) -1 /* 7 1| (7 Hence, it suffices to show that the quantity 
inside the parentheses is bounded by a constant multiple of fj,(R N ) 1 ^ q . 
To this end, we first use Theorem 4.16 with X = C and (1.6), we get 



< \\T*b 



RoWq £ M 1 



Qev 

On the other hand, since the family {Ek\kei of operators in L q 
by Stein's inequality [14], we find that 



N\l/q 



n) is 7^-bounded 



E £ Q E io g2 (£(Q))-i(^Q l T*b Ro ) 



Qev 



^EkEk.^ul^b^] 



kei 



< \\T*b 



Ro II 00 



E 



a.l 

£ kUJ k ' 



By (1.6), we have HT*^^^ < 1. Because {oo^l < l{b a ^b a } //-almost everywhere, 
see Lemma 3.6, we can use Lemma 4.3 with / = 1 for 



Ea.l 



kei 



<u\\ q <m N Y lq - 



This conclude the proof of estimate (10.7). 

11. Preparations for comparable cubes 

During the course of the present and following section, we prove Proposition 11.2. 
It controls a part of the summation in (5.1), involving cubes that are close to each 
other in their position and size. 

We write Q ~ R for Q G V and R G V if 

(11.1) 2~ r £(R) < £(Q) < £(R) and dist(Q, R) < £(Q) = £(Q) A £(R). 

Note that if Q ~ R, then l(Q) < £(R) < D(Q,R) < (2 + 2 r )£(Q), so that all of 
these quantities are comparable. 

A few words about implicit constants: In the previous sections we have performed 
estimates where the implicit constants can depend on the parameter r, introduced 
in Section 2. At this stage we introduce two new auxiliary parameters rj G (0, 1) 
and £ G (0,1). In the sequel we need to keep track of the dependence of estimates 
on the parameters r, e and rj explicitly. 

For the following proposition, we recall that all UMD spaces have a finite cotype. 

11.2. Proposition. Under the assumptions of Theorem 1.7, we have 



;n.3) 



£ E (Dfg,T{Dff)) 



Rev Qev R . good 
Q~R 



< 



(C7(r, Vt e) + (C(r, ^ + C{r)^*) \\T\\ c{LP{ll , x)) ) \\g\\ L ^ x *) Wfh^x) 
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for every f G L P (X) and g G L q (X*) . Here 1/p + l/q = 1 and t > {s V q) Vp, where 
both X and X* have cotype s G [2, oo). 

The strategy of the proof of this proposition is as follows: at the end of this section 
we consider a separated part of the summation in (11.3), where expectations over 
dyadic systems are not required. In the following section a (more complicated) 
intersecting part of the sum in (11.3) is treated, and the expectations are crucial 
therein. 

Here are preparations for the proof of Proposition 11.2: given R G T>', there are 
at most C = C(r,N) cubes Q G T> satisfying (11.1). Hence, without essential loss 
of generality, it suffices consider a finite number of subseries of the general form 



11.4) EpEx" 



Rev' 

where Q = Q{R) G T>R_ goo d inside the summation satisfies Q ~ R. At this stage we 
fix one series like this, and the convention that Q is implicitly a function of R will 
be maintained without further notice. Furthermore, without loss of generality, it is 
possible to act as if the map R i— > Q(R) was invertible, so that (11.4) could also be 
written in terms of the summation variable Q G T>. 

Proceeding as in Section 9, we find that (11.4) can be dominated from above by 
a sum of nine terms, each of them being of the general form 



11.5) V EvEv 



(9R)R j ( 1 Rj' l pR,i> T ( 1 Qi l PQ,i))(fQ)Qi > 

Rev 

where (g^Rj = {logic) Rj = {9k) Rj if -R G 2?^ (similarly for /'s), and the summands 
are determined by the following choices: 

(11-6) (flfc, tpR,j) e {(s fc , b Ra ), {h k , b R a), (u k , b Ra )} 

and 

(11-7) (A, <fQ,i) e {(sjt, b Q a), (h k , b Q «), (u k , b Qa )}. 

Here 

Ek-ig E k g \ _ 1 ( Ek-if E k f 

S k — *-ih a ' 2 =h a ' 2 \\ „ ,„9 > S k 



E k —\9 T E k —if 

h k = \ {K ^ bl a } , h k = l {b ^i al} —— r - 

and 

E k g _ E k f 

U k = -l {b a,2^ b a,2yj^, U k = ~ 1 ^A^A J • 

Observe that, in any case, E k _ig k = g k and E k -xf k = f k . 
Fixi,j E{1,2,...,N}. 

For each cube Q in R , define the boundary region 

6 Q := (1 + 7] )Q\(1- V )Q, 

where the parameter rj > is to be chosen later. If R G D 1 and Q = Q{R), we write 
Qi,a '■= Qi n 5 Rj ; Qi, SC p ■= (Qi \ Qi,a) \ Qi n -R^; A Q . := Qi n R^ \ Q^g; 
Rj,d '■= Rj H <5q.; -Rj.sep := (-Rj \ -Rj,a) \ <5i n R^-; A Rj := Qj n i?j \ R jt g. 

Observe that the following unions are disjoint: 

Qi = A-Qi U Qi,scp U Qi.d, -Rj = A^j U -Rj,sep U Rj,d- 
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Hence, we can write the matrix coefficient in (11.5) as 

(11.8) 

(lR j ii>R n j,T(l Q .ip Q 3) = (lR jtSep ipR,j,T(l Qi (p Qti )) + (l Rja i(; Rtj ,T(lQ i cpQ ti )) 

+ (lA Rj i>R,j,T(l AQ .ip Qii )) 
+ (lA Rj 1pR,j,T(l QiJ) Lp Qii )) + (lA Rj 1pR,j,T(l Qiscp ip Qji )) 

=: M 1 (R) + M 2 (R) + M 3 (R) + M A (R) + M 5 (R). 
Using these preparations, it suffices to estimate the following quantity: 



43 



11.9) Ex>Ex>' 



(9r)r j (M 1 (R) + M 2 (R) + M 3 (R) + M,{R) + M 5 (R)){f Q ) Qi 

ReV 



where i, j G {1, 2, ... , 2^} and Q = Q(R) G T> R _ goo d satisfies the condition Q ~ R 
inside the summation. 



The separated part. Recall that our aim now is to prove Proposition 11.2. We 
have reduced this to a problem of estimating the sum (11.9) involving, among others, 
terms of the form 

M 1 (R) + M 5 {R) = (l Rj ^ Rj ,T^Q^Q,i)) + (lA Rj i>R,j,T(l Q . aBp <p Q ,i)), 

where Q = Q(R) G T> R _ goo d satisfies Q ~ R. In both cases, Mi and M5, the two 
indicators are associated with sets separated from each other. Hence, a decoupling 
estimate can be used to establish the following lemma. 



11.10. Lemma. Suppose that f G L p (R N ,n;X) and g G L q (R N , /x; X*). Th 



en 



Y,<9R)n i (M 1 (R) + M s (R)){f Q ) Qi 



ReV 



< 



C{r,r])\\g\ 



q\\j up- 



Proof. We focus on summation over the terms M\(R). The treatment of summation 
over the terms M 5 (R) is analogous. If R G V and Q G V R _ good satisfies £(Q) < £(R), 
we write T RQ : = lQ=Q(R)(lit,- sep ^Rj, T(l Qi (p Q)i )). It suffices to estimate the series 

s := Rj Trq (Jq) Qi ■ 

ReV Qev R _ good 

t{Q)<t{R) 

Assume that T R q 7^ inside the summation. Then Q = Q(R), so that Q ~ R and, 
by (1.4) and (1.2), 



IT, 



RQ\ 



< 



ip R>j (x)K(x, y)ipQ,i(y)dfi(y)dfi(x) 

M*WMQ>) < c( MRMQi) „ c(n)u(R)u(Q) i{Q)a/2ma/2 
dist(R hScp , Ql y~ C{7]) £( Rj y -c{vMR,MQ>) D{QiRr+a ■ 



Using Lemma 6.6 and then estimating as in the end of Section 9, we find that 



\n<C(r, V ) 



k=—oo 



k= — 00 



< 



C(r,v)\\9U\f\\ P - 



Lf(P®/x;X) 



□ 
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12. Intersecting part of comparable cubes 

In this section we deal with the remaining part of the comparable cubes, finishing 
the proof of Proposition 11.2. This will be the most technical part of the entire 
proof: It still involves various further decompositions and case-by-case analysis, 
until all different pieces are finally estimated. 

Recalling the preparations in Section 11, we observe that it remains to estimate a 
summation like (11.9) but involving only terms of the form M 2 (R) + Ms(R) + M^R) . 
Part of this summation involves boundary terms that are handled by probabilistic 
methods, e.g. by taking expectations over the random dyadic systems T> and T>', 
but we will also introduce a third random dyadic system T>*. The assumption that 
there is an L°°-accretive system for T* is used to handle the non-boundary terms. 

We aim to prove the following lemma. 

12.1. Lemma. We have 



(9r) R] {M 2 (R) + M 3 (R) + M A (R)) (f Q ) Qi 



ReV 



< 



(C(r, V , e) + (C(r, V )e 1 / t + C(r)^ 1 /*) \\T\\ C(W)) ) \\g\\ Lq{fM ., x ^ \\f\\ 



The proof of this lemma is a consequence of various lemmata, namely: 12.13, 
12.15, and 12.18. Let us briefly indicate the structure of the proof. Since M 2 (R) 
and M^{R) are so called //-boundary terms, the main difficulties lie in estimating 
summation involving the term 

M 3 (R) = (lA R .i> R ,j, T(l AQi ip Qji )) = ai (R) + a 2 (R) + a 3 (R), 

where the last decomposition depends on a new random dyadic system T>*, see 
(12.3). The terms a 2 (R) and a^{R) are also 77-boundary terms. 

The term ot\{R) will further be expanded in (12.4) and Lemma 12.5 as 

ati(R) = A 1 (R) + A 2 {R) + MR)' + (MR) - A' 3 {R)), 

where Ai(R), A 2 (R), and A' 3 (R) are so called e-boundary terms. Hence, the main 
obstacle is to estimate A^(R) —A' 3 (R); the assumption that there is an L°°-accretive 
systems for T* will be exploited here. 

Decomposition of M 3 (R). In order to decompose M 3 (i?), we first introduce a 
random dyadic system 

V* = £>(/T) 

that is independent of both T> and V . Fix j(rj) E Z such that ?7 / 64 < 2 3 "^ < 77/32. 
Then, for every R G T>', we define a family 

g = q(r) := vt og2is) 

of cubes with side length 

(12.2) s = 2^£(Qi) = 2?™ ■ {£{Qi) A £(#,)), 

where Q = Q(R) G T>. More precisely, Q is a subfamily of T>* that depends on R, 
Q = Q(R), and r/. 

Let Aq., C Qi fl Rj be the following adaptations of Aq ; and A^ to Q: we 
enlargen the latter sets so that the boundary of Aq. flA|. doesn't intersect interiors 
of cubes in Q, and 5G C Qi fl Rj if the interior of G G Q intersects A^. fl AR. We 
also require that we can write 

Ag=A Q <UA* A|=A fl3 UA| 7 
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such that the unions are disjoint, Ag. C Qi ; d D Rj, and A^. C Rj 7 d D Qi. Now 
observe that 

(12.3) 

M 3 (R) = (l Aaj rl> Rd ,T(l AQi ( PQ J) 

= (1a» ^,r(l A e - (l A s ^R,i,^(l A e Vg,i)) - ( 1 A fl >/?,j,T(l A e y> Q)i )) 

-"j Qi rt j J W-i 

=: + a 2 (fl) + a 3 (i2). 

The terms in this decomposition depend on T>*. 

In order to define e-boundary terms, we let R GP' and write 

G e = G e (R)= |J <5 G , (^ = (l + e)G\(l-e)G. 

GeS(i?) 

We also write (5 = G \ G £ if G e Q = Q{R). Define 

= aG q, n G £ , A Qj = Ag, \ G £ 
and similarly for A^.. Then we have the disjoint unions 

Hence, we can write 
(12.4) 

ai{R) = (l A g ^ R> j,T(l A g ip Qti )) 

= (lA , R .il>Rj,T{l A o v Q ,i)) + (1 A i> RJ ,T(l A: ■ <p Q ,i)) + 

rtj Q ; -rtj W t 

=: Ai^+Aa^J+Aa^). 

Estimate for a non-boundary part. We need to extract the non-boundary 
terms. This is done in the following lemma which gives us a decomposition of 
A 3 (R); therein A 3 (R) — A 3 (R) is a non-boundary term. The proof of the lemma 
uses the fact that there is an L°°-accretive system for T*. 

12.5. Lemma. Let R E V. Then A 3 (R) can be written as A' 3 (R) + (A 3 (R) - A' 3 (R)) , 
where 

\A 3 (R) - A' 3 (R)\ < C{r,-n,e)n(Qi n Rj) 

and there are functions 6r,gj : ~^- N C, satisfying H^GjIIl 00 ^) ^$ 1 if R ET>' and 
G G Q(R), such that 

A ' 3 ( R )= ( 1 G fo « 1 G,i> T ( 1 (l+ £ )G\G^,i))- 

G£g{R) 

Here G = G\G £ for every GeQ{R). 

Proof. We expand A 3 (R) into a double series, where a typical summand is of the 
form 

(12-6) <l G l Afl >^,T(l„l AQ ^ Qil )>, G.Heg. 

Let us begin with estimating these quantities, and there are two cases to be treated. 
First, if G ^ H, then 



< 



C( V ,e) dist(G n A fi , , H n AqJ . 
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Hence, by (1.4) and (1.2), 

/ 107 \ = / / ^R,j(x)K(x,y)ifQ^(y)dn(y)d^(x) 

< cfa£) .W,nWn flj ) < c(i)j£)MQj n Rjh 

Here we also used the facts that A Rj U Aq i; C Qi H Rj and fi(Qi) < £{Qi) d - 

Then we consider the case G = H. Using that boundary of Aq. fl A^. doesn't 
intersect the interior of G, we see that 

( Tw 4 ..^,nw 4 ,^)> = {<^.nw>, «o c as, n a- 

j Wi I otherwise. 

In what follows, we assume that G C Ag. n A% . 
Consider the decomposition 

The fourth term in the right hand side will only contribute to A' 3 (R). The first and 
third terms in the right hand side are estimated as follows. 

Using both (11.6) and (11.7) together with (1.5) and (1.6), we obtain the estimate 
\\T{<PQ,i)\\L<»0*) + H^'IU^CaO ^ 1- In particular, 

\(iG^Rd,T(<p Q M^KG)<KQi^Rj)- 

Then we consider the third term in the right hand side of (12.9). Since the interior 
of G intersects Aq. fl A^., we see that 5G C 5G C Qi fl Rj. For this reason we can 
repeat the argument (12.7) which, in turn, gives 

l( 1 G'0Hj,7 1 (l 5 G\(i+ £ )G) < ^Q,i))l ^ C(r ] ,e)fi( y Q i nR j ). 

It remains to consider the second term in the right hand side of (12.9). Part of 
it will contribute to As(R)'. We begin with certain preparations, and first denote 

Using (1.3), reasoning as in (9.17)with R\ replaced by 5G, and observing the fact 
that ||</?Q,i|U°°(/i) < 1, we see that 

(12.10) \r(x)-r(y)\<l, x,y e G. 

We use the fact that there exists an L°° -accretive system for T*. Let b G be a function 
which is supported on G, whose average over G is one, and 

||&<?IU°°00 + \\ T *(b G )\\ L oo {p] ^ 1- 

Let us denote fi G = {b G / fj,(G),r) . By properties of b G and (12.10), 

(12.11) \T(X)-P e \ = \(b e /IM(&),T{X)-T)\<l, X E G. 

After these preparations, we write 

(l G ip RJ ,T(l RNX5G ip Q ^) = (l e if; R j,T- P d ) + (l G ij R j,(3 G ). 
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By (12.11) and (11.6), we have the estimate Kl^ipnj, r — /3q)\ < fJ>(G) < n(QiX^Rj)- 
To treat the term (Iqi/jrj, (3q) = (3q{1qi/jrj, 1), we write 

(12.12) 

_ (^|)' T(1 < i+ ^ a¥ ' a - ) )-(^l)' r(ls ^ 

Observe that the first and second term on the right hand side of (12.12) are bounded 
in absolute value by a constant C < C(rj,e). This follows from the properties of 6^ 
and the fact \\T(ipQ ti )\\ L oo^ < 1 for the first term and, by reasoning as in (12.7), 
for the second term. 

For the last term in the right hand side of (12.12), we use ||7 1 *(&(5)||l oo (/x) ^ 1 for 



{ik' T(l6 ' PQ ' 



\(r(b 6 ),\^))i^e)\<\. 



Regrouping the terms shows that (IqiPrj, T , (l R j V \ 5 G < / ;, Q,i)) can De expressed as 
a sum of two terms, the first one being bounded in absolute value by a constant 
C < C(j],e)/j,(Qi H Rj), and the second one being 

-(b d ,T(l (1+£)dxd ip Q>l ))(l d ij Rt3 ,l/fi(G)). 

As said in the beginning of the proof, we expand A 3 (R) by using the cubes in Q 
as follows: 

MR) = {lA R .i>R,i,T(lA Qi VQ,i)) 

= ( 1 G 1 A R .i ) R,j, T ( 1 H 1 A Q . c PQ,i)) + 5Z( 1 GlA fl >flj > r(l G l AQi ^ Q)i )). 

G,Heg Geg 

G^H 

In both of the series above, the finite number of summands depends on N and 77. 
Hence, using the estimates above for a typical summand (12.6), we get 

A 3 (R) = A' 3 (R) + (A 3 (R)-A' 3 (R)), 

where \A 3 (R) — A' 3 (R)\ < C(r),e)/j,(Qi D Rj) and A' 3 (R) is the following quantity: 

Geg 
GcAg.nAg. 

It is straightforward to verify that A 3 (R) is of the required form. □ 

The summation involving the non-boundary terms A 3 (R) — A' 3 (R), given by 
Lemma 12.5, is controlled by the following result. It gives a uniform estimate for the 
sum with respect to all systems of dyadic cubes D*\ in particular, no expectations 
over T>* are needed. 

12.13. Lemma. Let f e L P (R N , X) and g e L q (R N , X*). Then estimate 



J2(9R) R AMR)-A' 3 (R))(f Q ) Ql 
ReT>' 

is valid for every dyadic system V*. 



< C{r,r],e)\\g\ mJ „„ 



•18 
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Proof. Let us denote A±(R) := As(R) — A' 3 (R). By randomizing and using Holder's 
inequality, 

(12.14) 



Rev 



// Y £ sls ] (x)(gs)s ] Y £r1 Q> 



< 



Y £ s~Ls ] (9s)i 



Y £Rl Qi 



MR) 
KQi n Rj 
A 4 (R) 



fj.(Qi n Rj 



■(fQ)Q t dP(e)dfi(x) 



sev w(r",p«kX») Be23 / 

Note that 

Hence, by using also the contraction principle, we have 



LP(R N ,P®fi;X) 



sev 



< 



oo 

Y £kgk 

k=—oo 



< 



Li(M. n ,P®ij,;X*) 



\9\\Li{M. N ,fi;X*)- 



In the last step we reasoned as in the end of Section 9. 

Rewrite the second summation in the last line of (12.14) in terms of T>. Then 
using the contraction principle and the fact that |Ai(.R)| < C(r,r],e)fi(Qi D Rj), 
given by Lemma 12.5, results in estimates 



Y £ Q 1 Qi(fQ)Qi 
QeV 



Rev 



LP(R N ,P®fJ.;X) 



< 



C{r,r),e) 



Reasoning as in the end of Section 9 finishes the proof. 



Y Sk ^ k 



k=—oo 



LP{R N ,P<S)ti;X) 



□ 



Estimate for e-boundary terms. The following lemma controls summation in- 
volving the e-boundary terms 

A 1 (R)+A 2 (R)+A' 3 (R). 

Taking the expectations over the dyadic system T>* is invaluable here and, on the 
other hand, this is the only place where these expectations are required. Elsewhere 
we obtain uniform estimates over these systems. 

12.15. Lemma. Suppose that s G [2, oo) is such that both X and X* have cotype s. 
Let t > (s V q) V p be a positive real number. Then 



E 



v* 



(9r)r 3 (M r ) + MR) + MR))(f Q )c 

ReV 

< C(r, r])e llt \\T\\c { Lp(p;X)) \\g\\ 
for every f G L p (R N ,fi;X) and q € L q {R N , fi; X*). 
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Proof. First we focus on the sum involving the terms A\\ these are defined in (12.4). 
Randomize and use Holder's inequality for the estimate 

(12.16) 



ReV 



y 

T { Y £ R 1 A g Q . l PQAfQ)Qi) 



Rev 



sev 



Li(P®im;X*) 



Rev 



Lp(P®ij,;X) 



First extract the operator norm from the second factor and index the summation 
in terms of T>. Then, by using the contraction principle and estimate 

which is valid //-almost everywhere, we see that the second factor in the last line of 
(12.16) is bounded (up to a constant multiple) by 



\\T\\c(LP(^X)) 



Y £k fo 



k=—oo 



< \\T\ 



LP(P®/i;X) 



C(LP(jj,;X))\\J \\LP(n;X) 



In order to estimate the first factor in the last line of (12.16) we let S € V k , where 
k e Z. Due to (11.1) and (12.2), we have 

j(v)+k-i 

A' Sj C G £ (S) =\JS £ G C |J |J F a =: 6%k). 

GeG m=j(rj)+k-r-l GGX>^ 

As a consequence, we have i>S,j\ < l<J e (fe)lSj pointwise //-almost everywhere. 
Using also the contraction principle and the assumption that t > q, we get 



E 



T>* 



Y2 £siA' s ,^s,j{gs)i 



Sev 



< 



L9(P(g)/i;X*) 

Y^W Y ^(ds) 



seV. 



E 



v 



£8(P®/x;X*) 



kez 



SeV k 



t 


q/t \ 






Li(P;X*)- 





If x G M. N , the last integrand evaluated at x is of the form as in Proposition 2.4 
with 

£*= E lfir»<0s>fi, ex*. 



SeV k 



The random variables 

Pk ■= he(k)(x) 

as functions of /3* G Q*, where Q* is the probability space supporting the distribution 
of the random dyadic system T>*, belong to L*(f2*), and they satisfy 

sup ||l*-(jfe)(a;)l|i*(n*) = sup P^(l 5 , (fe) (.x) = l) l/t < C(r,r])e lft . 

fcez fcez 
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Hence, by Proposition 2.4 
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^slA' s .ips,j(gs)s j 



sev 



L9(P® M ;X*) 



< 



C{r,r))e 1/t \\g\\ L < lifl ;x*). 



Li(P®tM;X*) 



Combining the estimates above, we obtain the required estimate for summation 
involving terms Ai(R). 

Estimate for the sum involving terms A 2 (R), see (12.4), is similar to the estimate 
above, involving terms Ai(R). We omit the details. 

It remains to estimate the following sum involving terms A' 3 (R), see Lemma 12.5, 



E 



^ ^ (9R)R J ( 1 G b R,GJ, T ( 1 (i + £)G\G i PQ,i))(fQ)Q 1 



ReW Geg{R) 
GcA|.nA5. 

Observe that the inner summation involves only finitely many terms for every fixed 
R - in fact, the number of terms is bounded by a constant depending on 77 and N. 
Hence, by reindexing these cubes and using the triangle-inequality, we are left with 
estimating quantities of the form 



E \ — Ep* 



^ (9r)Rj (~L G b R,G,j, T ( 1 (l+ £ )G\G i PQ,i))(fQ)Q l 



ReV 



where G = G(R) E G(R) inside the summation satisfies G C Aq_ fl A^.. 

At this stage we randomize, apply Holder's inequality, and extract the operator 
norm in order to obtain the estimate 



E < ||T||£( i p( At; x))Ep* 



12.17) 



Y £ S 1 G b R,G,j(9s)l 
SeV , i?(P®(u;X*) 

/] e R l (l+e)G\G L PQAfQ)Q 



By lemma 12.5, 



^GiS^R&dl ^ 1 G{S) ^ 1 



LP(P!g)fi;X) 



< 1 



S, 



pointwise //-almost everywhere. Also, (1 + e)G(R) \ G(R) C 5G(R) C Qi and 

(1 + s)G(R) \ G(R) C G e (R) C 5 £ {k), Q = Q(R) e V k . 

It follows that |l(i +e )<5\(5<£>Q ) i| < l<5 £ (fc)lQj /i-almost everywhere if Q G T>k- Hence, by 
indexing the second summation in the right hand side of (12.17) in terms of V, the 
argument proceeds as above. We omit the details. □ 

Estimate for 7/-boundary terms. Here we focus on a summation involving the 
7/-boundary terms 

M 2 (R) + M 4 (R) + a 2 (R) + a 3 (R), 

see (11.8) and (12.3). Observe that although both a 2 (R) and a 3 {R) depend on the 
random dyadic system T>*, the estimate below are uniform over all such systems. 
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12.18. Lemma. Suppose that s G [2, oo) is such that both X and X* have cotype s. 
Let t > (s V q) V p be a positive real number. Then 



(9r) Rj (M 2 (R) + M,(R) + a 2 (R) + a 3 (R))(f Q ) Qi 

ReW 

< C(r)7y 1/t ||r|| £(LP(jU;X)) || 9 '|| L9(jU . X) . ) ||/|| LP(M;X) 
for every f G If (R N , X) and g G L q (R N , ji; X*). 
Proof. By (11.8) and (12.3), 

M 2 {R) + a 2 {R) = {Ir^r^.T^q^q^) - (l A e ^flj,T(l A B pg.O); 

M 4 {R) + a 3 (R) = (lA B .il>Rj,T(lQ itg <pQd) - (1 A i[) Rd ,T(l A a <p Q>i )). 



Observe that 
(12.19) 



pointwise /i-almost everywhere. By triangle inequality, it suffices to estimate the 
following sums: one involving terms m(R) G {M 2 (R), a 2 (R)}, and the other involv- 
ing terms in {M^(R), 0:3 (i?)}. We focus on the first sum; the second one is estimated 
in an analogous manner. 

Randomizing, using Holder's inequality, extracting the operator norm of T, and 
finally applying the contraction principle with (12.19) results in the estimate 



E 



v 



12.20) 



ReW 



Y{gR) R] m{R){f Q ) Qt <E V J2 £ s 1 s^ d (9s) 



sew 

T\\c{Lv{^,X)) 



L9(P0 M; x*) 



Rev 



Lp{P®h<,X) 



Indexing the summation in terms of T> and using the contraction principle, we see 
that the last factor is bounded ||/||ip( w x)- F° r the first factor in the right hand side 
of (12.20), we write 

nk) = D U 5 l- 

m=k—r—\ QeVm 

By (11.1), we have 



Q, 



HQ = Q(S),SeV' k . 



Fix x G ~R N . The random variables p k := 1 



5i(Jfc) 



'x) as functions of /? G ({0, 1} 



7V\Z 



I? = V(0), belong to L*(({0, 1} W ) Z ) and they satisfy 

sup ||l^(fc)(x)|| Lt(({0 ,i}iV)Z) = supP /3 (l 5nfc) (x) = l) 17 ' < Cir)^ 111 . 

kel keTL 

Hence, proceeding as in the proof of Lemma 12.15, we find that 



E 



v 



'3,9 



JS Si 



sew 



< 



C(r)r) 



Li(P®fi;X*) 



ReW 



Li(P®ti,;X*) 



Noticing that the last term is bounded by a constant multiple of C(r)r] 1 ' t \\g\\i J '!(fj,-x*) 
finishes the proof. □ 
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13. Synthesis 

The proof of Theorem 1.7 will be completed. This involves choosing appropriate 
values for the auxiliary parameters r, t], e. Hence, any dependence on these numbers 
will be indicated explicitly. 

Proof of Theorem 1.7. Let us fix / G L P 0; X) and g G L q (n; X*) such that 

\\T\\c(L P{ ,;X))<2\(g,Tf)\, ||/|| p = l = |b||,. 
Taking expectations over estimate (5.1) gives us 



\{g,Tf)\<\\g\\ q \\f\\ p + E v E v , 



(Dfg,T(D^f)) 

Qev,ReT>' 



Because X is a UMD function lattice, its dual X* is also a UMD function lattice. 
Hence, by symmetry, it suffices to consider the summation over dyadic cubes Q and 
R for which i(Q) < £(R). 

We decompose this series further as follows: 



E E = E E +E E 



Rev Qev Rev QeT> R _ sood Rev Qev R _ ha , d 
£(Q)<£(R) t{Q)<t{R) t{Q)<t(R) 

Observe that this decomposition to good and bad parts depends on T>' = T>(/3'). 

Let us first focus on the good summation in the right hand side of (13.1). We 
denote Q ~ R if these cubes satisfy (11.1), that is, if they are close to each other 
both in position and size. Then we have the decomposition 

E E =E E +E E 

R€T>' Qev R _ sood Rev Qev R _ good Rev Qev R _ good 
e(Q)<£(R) Q~R QCR 

e(Q)<2- r e(R) 



(13.2) 



Rev QeT> R _ good Rev Qev R _ sood 

Q£R 2- r £(R)<i{Q)<i(R) 
£(Q)<2- r £(R) £{Q)<dist(Q,R) 



Let us consider the third double series on the right hand side further. Assume 
that R G V and Q G V R _ good satisfies Q £ R and i(Q) < 2~ r i(R). Remark 2.5 
implies that dist(Q,i?) = dist(Q, dR) > i(Q)^ i(R) 1 -^ > i(Q). As a consequence, 
we can write 

E E =E E • 

Rev Qev R _ good Rev Qev R _ good 
Q£R £(Q)<2- r £(R) 
e(Q)<2" r £(R) e(Q)<dist(Q,R) 

Hence, by combining 3rd and 4th term on the right hand side of (13.2), we obtain 
the identity 

E E =E E +E E +E E 

Rev QeT> R _ good Rev Qev R _ good Rev Qev R _ good Rev Qev R _ good 

e(Q)<i(R) Q~R QCR £(Q)<e(R)Adist(Q,R) 

£(Q)<2- r £(R) 
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Invoking Propositions 7.1, 9.1, and 11.2 we are able to estimate all of the summands 
above, and we reach the estimate 



£ £ (Dfg,T(D^f)) 

ReV QGD fl . good 
e(Q)<£(R) 

< C(r,rj,e) + (C(r,r])e^ + C(r)r)^)\\T\\ £{LP{KX)) . 



Then we concentrate on the remaining bad summation in the right hand side of 
(13.1). By randomizing, using Holder's inequality, and using Theorem 4.1 with the 
identity ||flf||x, 9 (x*) = 1, we get 



EpEp' 



£ £ (Dfg,T(D^f)) 



R£V Qex> fl _ bad 
e(Q)<£(R) 



EpEp/ 



;i3.3) 



EEE E (Df 9 ,T(D^f) } 

k=o iez ReVj Q 6 pO'-tj-*0- 1 )- bad 

oo „ 

E / EE £ ^ E E (D R \T(D^f))dP(s) 

k=o Jn jez igz Rev. Q e p( fc - 1 )- bad 
<f>Ep, t($> E D Qf) 

g £l) (fe-l)-bad 



EpEp' 



£J>(P®/i;X) 



In order to estimate this series, we fix k > 0. Extracting the operator norm, we see 
that the fc'th summand is bounded by 



\T\\c(lp(x)) ■ EpEp/ 



E £i ^bad,i D i-kf 



LP(P®fi;X) 



where we have denoted 



bad,i 



E ^ eLl < 



Fix t > (s V p) V q, where s is such that both X and X* have cotype s G [2, oo) 
Using Proposition 2.4, we get the estimate 



EpEp/ 



< E 



LP(P® M ,X) 



t 


P/t \ 






LP(P;X). 





l/p 



^ su P|| A bad.t( a: )IU 1 (P fl /i 



ft! 



LP(P®/i;A") 



Note that, by using Theorem 4.1, we have the estimate 



< i. 



H>(P®H;X) 
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On the other hand, if x G Mr, then by Lemma 2.6 we have 

SU P IKad.iWIU'CP^R) 

i 

= sup {¥ p ,[x G Q G A-fc and Q is (k - l)-bad( 7 , r)} 1 ' 1 } < 2 -('M*-i))7/i > 

i 

All in all, we have established the following estimate 



£ £ (£>r 2 £, T{D a £f)) < \\T\\ c{lp{kX)) 2 



Rev Qe£> fl _ bad 
i{Q)<t{R) 



^ -( r V(fc-l)) 7 /t 
fc=0 



< r2-^||T|U (LP(M . x)) = 5(r)||T|U (iP(M . x)) . 

Here 5(r) — )■ as r — )■ oo. 

Collecting the estimates above, we find that 

(13.4) \\T\\ c{ l^;X)) < C(r,r],e) + (C6(r) + + C^^e^Wn 

Next we choose r so large hat C5(r) < 1/4. Then we choose rj > so small that 
C(r)// 1 /* < 1/4. Lastly we choose e > so small that C(r, v^e 1 ^ < 1/4. This results 



in the desired estimate 

3 

4 1 

Indeed, it follows that HT^^^x)) < 4C(r, rj,e). □ 



\T\\c(lp(kX)) < C(r,ij,e) + -\\T\\ C (lp( k x))- 



14. Operator- valued kernels 

In this section we explain the proof of Theorem 1.8. This proof is a straightforward 
modification of the proof of Theorem 1.7. 

We define a d- dimensional Rademacher-Calderon-Zygmund kernel as a function 
K(x, y) of variables x, y G with x ^ y and taking values in £(X), which satisfies 

K({\x- y\ d K(x, y) : x, y G R N , x ^ y}) < 1; 

{ \-7_^- ^ y) - K &> V^V [K{y ' x) " x ' )] 

: x, x', y G R*, < |x - x'| < |x - y\/2^j < 1 

for some a > 0. Recall that TZ{T) designates the Rademacher-bound of an operator 
family T C C(X), as defined after (2.2). 

Let T : / \— > Tf be a linear operator acting on some functions / : R N X 
or / : IR^ C, producing new functions Tf : IR^ — > X in the former case and 
Tf :R N ^ £(X) in the latter. If f G X and F : ->■ C or F : -»■ £(X), define 
the function F®£ by (F®£)(x) := F{ x )£,i where the last expression is the product 
of a scalar and a vector, or the action of an operator on a vector, respectively. With 
this notation, suppose that T{ip ® £) = (?V) <g) £ for </? : — > C and £ G X. The 
adjoint T* is defined via duality (g,f) = J RN (g(x), f{x)) d/i(x) between functions 
/ : R N -> X and g : -> X*: for </?, : -> C, £ G X and G X*, 

r ^>e) = ® r , ® o> := cnv> ® o, ^ ® o == K^v, ^>r ) (0, 

and hence (T*xfj,ip) = ((if), Tip))* G £(X*) for scalar-valued functions y?, '0. 

Such a T is called an C(X) -valued Rademacher-Calderon-Zygmund operator with 
kernel X if 

r/(x)= / K(x,y)f(y)dfi(y) 
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for points x G M. N outside the support of /. 

We are ready to explain the modifications in the proof of Theorem 1.7. These 
occur in sections 5-13 and, roughly speaking, they are as follows: one repeats 
the proof, and the assumed 7£-boundedness conditions ensure that whenever one 
"pulled out" bounded scalar coefficients from the randomized series, which persist 
throughout the arguments, the same can be done with the operator coefficients by 
the very definition (2.2) of 7£-boundedness. Some technicalities arise when treating 
the paraproducts in Section 10. Our goal is to provide a comprehensive treatment 
and, at the same time, avoid repeating arguments. To accomplish this task, we have 
chosen to explain the modifications in sections 6, 7 and 10. 

Operator-valued decoupling estimates. Let us begin with Section 6. Instead 
of scalars satisfying (6.5), we now consider the following 7^-bounded families of 
operators: 

(14.2) n({\ RQ T RQ G C(X) : ReV,Qe V R _ good , £(Q) < £(R)}) < 1, 
where T R q G C(X) and the scalar coefficients are 

D(Q,R) d+a 
RQ - ^{R U )^Q V )£{QY/H{RY^ 
These 7^-bounded families occur in the following counterpart of Lemma 6.6. 

14.3. Lemma. Assume that Ek-ifk = ft and Ek-igk = 9k, where fk and gk, k G Z ; 
are as in Lemma 6.6. Assume also that the estimate (14.2) holds. Then 



/2i (g r) r u Trq (/q) c 



14.4) 



R&v Qev R . good 

l{Q)<l(R) 



< 



E 



ZkQk 



Li(P®fi;X*) 



2^ Sk ^ k 



LP(P®n<,X) 



The proof of this lemma proceeds as the proof of Lemma 6.6 with appropriate 
modifications. The key fact is that the operators 

Trq 



t 



RQ 



2 ( - n+j)a/4 fi(S)- 



e C(X), 



lx{R u )ix{Q l 

where the parameters are clear from the context, belong to an 7£-bounded family. 
This follows from the normalizations and the condition (14.2). 

Then we can proceed to Section 7, where the goal is to prove a counterpart of 
Proposition 7.1 under the assumptions of Theorem 1.8. For this purpose, we need 
the following counterpart of Lemma 7.9. 

14.5. Lemma. Suppose that for every pair of cubes Q and R G T>' , satisfying 
£(Q) < £(R) A dist(Q,.R) ; we are given functions <pQ,ip R G L 1 (R 7V ,/^;C) such that 
supp(<£q) C Q, supp(^ R ) C R, and 



(p Q d[i = 0. 



Then 



n({a RQ (iP R ,Tip Q ) G C(X) : £(Q) < t{R) A dist(Q, R)}) < 1, 
where the normalizing factors are given by 

dist(Q,R) d+a 



&RQ 



^(Q) a \\fQ\\L^)\\^R\\L^)' 
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Proof. Suppose that Q e V and R e V satisfy £(Q) < £(R) A dist(Q,i?). Let y Q 
be the center of the cube Q. Denoting 



we obtain 





y -Vq 


1 01 


\ x ~vq\ 


d+a 



\F(x,y)\ dfi(y) dfi(x) < 1. 



Hence, by denoting 



r= ( \x y\ d ^ [K ^^ y) _ KM)] . y^'^cM", \y-y'\ < |z - y|/2 j, 

l i y y i j 



we obtain 

o- RQ (i) R ,T(p Q ) = I I K(x,y)(p Q (y)ip R (x)a RQ dfi(y)dfi(x) 

[K(x, y) - K(x, y Q )]^ Q (y)ilj R (x)a R Q dfx(y) dfi(x) 



\X-VQ 


d+a 




y-yQ 


a 



G abs conv (T). 

Here the closure is taken in the strong operator topology and the absolute convex 
hull, denoted by abs conv (T), is the set of all vectors of the form Y^j=i ^i x j with 
Y^j=i \ W — 1 an d Xj G T for j — 1, 2, . . . , k. Since, 



ft(absconv(T)) = K(T), 
it remains to use the second 7£-boundedness estimate in (14.1) □ 

Proceeding as in the proof of Proposition 7.1, and using Lemma 14.5 instead of 
Lemma 7.9, we find that the 7£-boundedness estimate (14.2) holds for the family 
of operators in C(X) defined by the equation (7.12). Hence, after applying Lemma 
14.3 instead of Lemma 6.6, the proof of Proposition 7.1 continues as before. 

Operator-valued paraproducts. We proceed to Section 10. Let us first indi- 
cate the modifications in the proof of the estimate (10.6), the boundedness of the 
paraproduct. The first one comes in the proof of Lemma 10.13: Theorem 4.16 and 
Proposition 4.18 are used with UMD function lattice Z instead of C. 

The step from (10.16) to (10.17) is now established by the following lemma and 
assumption IZ(Bz) < 1. 

14.6. Lemma. Suppose that t > g V s, where X* has cotype s. Then 



14.7) 



<TZ(B Z ) ■ ||{|Mj(-)llL t (n;Z)}jez||car t (X") ' IMU^R^X*), 

where e* = {e* : j 6 Z} G fi* are Rademacher random variables and 



dj : R N L*(fi; Z) : x H- (e H- ^ ^ £Q*qM x ) ) 

S(Q)=R 

for functions 7TQ^ R a : M. N — > Z that are determined by (10.11). 
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Proof. Note first that LHS(14.7) can be written as 




dj(x, e) 
\dj(x,e)\ 



■\d j {x,e)\ z E j g(x) 



dP(e) dfi(x) dP(e* 



x * 



1/9 



Using Fubini's theorem and the fact that the closed unit ball of Z is 7^-bounded, 
we see that LHS(14.7) can be bounded by a constant multiple of 



K(B 2 




UxR N xU* 



dP(e*)dn(x) dP(e] 



A * 



^e]\d j {x,e)\ z E j g{x) 

j&Z 

Recall that t > q. Using Fubini's theorem, followed by the Holder's inequality, we 
find that LHS(14.7) is bounded by a constant multiple of 

i 



= n{5 z 



II z2 £ *j\ d i&\ zE Mx) 
JJn*xR N . gZ 



dfi{x) dP(e* 



L ( (Q;X*) 



1/9 



J2^\d 3 (-)\zE 3 g 



Li (CI* xR N ;L t (fl;X*)) 



Let us denote dj (x, e) 



\dj(x) 



|l*(^;C) 



\dj(x,e)\z- Then, for a fixed x G 

l/t 

|d,-(x,e)|*dP(e; " 



)iV 



\dj{x)\\ L t {n , Z ). 



Hence, by using Lemma 10.8, we can conclude that the estimate (14.7) holds. □ 

In order to estimate the right hand side of (10.18), we use the fact that L 2 (fi, Z) 
has cotype 2 since Z has it. The described modifications suffice for obtaining esti- 
mate (10.6) in the context of Theorem 1.8. Finally, in the proof of estimate (10.7) 
we use Theorem 4.16, with UMD function lattice Z, and the fact that the family 
{-Efcjfcez °f operators in L q (fi; Z) is 7^-bounded by the UMD- valued Stein's inequal- 
ity [2]. 

This concludes the description of modifications in Section 10. 
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